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Abstract

Longitudinal particle motion in circular accelerators is typ- J\
ically monitored by one dimensional (1-D) profiles. Adia- ——
batic particle motion in two dimensional (2-D) phase space {’?\
: ) ) ) 7= =

can be r'econstructed with tomographic techniques, using /§\\‘\{:
1-D profiles. A computer program RADON has been de- /\\\—d;\\

. 2 . /\‘.\‘
veloped in C++ to process digitized mountain range data f/\\¥/
and perform the phase space reconstruction for the AGS, EFVF———— \‘/
and later for Relativistic Heavy lon Collider (RHIC). ‘ ‘ ‘ ‘
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1 INTRODUCTION

Figure 1: Mountain Range Data from the AGS, used for
The mathematical problem of 2D image reconstructioreconstruction in figure 5.
from an infinite number of 1D projections was formulated
and solved by J. Radon in 1917 [1]. In practical algo-
rithms, now in use in computerized tomography, the im-
age is reconstructed on a 2D grid from a finite number ¥ y
of projections. These algorithms can be broadly classi- f(xy)
fied into Fourier convolution algorithms and iterative al-
gorithms. The Algebraic Reconstruction Technique (ART) 8
is a commonly used iterative technique and is described by X
Gordon [2]. The Fourier convolution algorithm is based
on papers by Bracewell and Riddle [3] and Ramachandran
and Lakshminarayanan [4]. These algorithms are also pre-
sented in texts on computerized tomography [5], [6], [7].

Beam tomography in accelerators for longitudinal and

transverse phase space has been used by several authors
[8], [9], [10], using the ART algorithm. In longitudinal
phase space, the synchrotron osillation period is typicallp,gigure 2: The profileP(z,, 6) is the Radon Transform of
several hundred turns and many bunch profiles are avajlia two dimensional functiofi(z, y).
able over half a period. Therefore the Fourier convolution
techniques are adequate. In this paper, we present recon-
struction for mountain range data shown in Figure 1 and
discuss a filtered backprojection algorithm for phase spadé
reconstruction. During the Sextant test of RHIC in early

1997, this program was employed to reconstruct the mo- [
tion of Au”"* beam in the AGS. P(z,,0) = /_OC f(@r, yr)dy, 1)

in the plane is the Radon transform of f(x,y)

2 RADON TRANSFORM AND
RECONSTRUCTION The filtered backprojection algorithm, a form of Fourier
convolution algorithm, is employed in the program

Let f(x,y) represent a 2D object (Figure 2). Let,,y-) RADON. In this algorithm, each projectioR(z,, 6) is
be the coordinate system rotated by artg¥eith respectto  Fourier transformed, multiplied by a high pass filter, in-
the (z,y) coordinate system, wherg = x cosf + ysiné  verse Fourier transformed, backprojected, and all the back-
andy, = —zsinf + ycosf. The projectionsP(x,., 6) projections are summed up. Note that backprojectionis not
obtained by integrating(z, y) along all lines of constant the inverse of projection, and hence the high pass filter.

*Work performed under the auspices of the U.S. Department of Ef-€t F'(u, v) be the 2D Fourier Trar!Sform .qf(ﬂfa y) and
ergy. let (w, #) represent the polar coordinates in the frequency
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space, withy = w cos§ andv = wsin ¢

x y /J u U 1271-(u9c+1)y)dudv

2m
_ / / F(w, 9)6l27rw(a: cos 04y sin G)wdwdg
)

Sincex, = xzcosf+ysinf andF(w,0+7) = F(—w, ),
the above equation can be written as

f(z,y) / / (w,0) | w| ™ *rdwdd  (3)

The Fourier Transform of a projection at anglevith re-

spect to x gives a slice of the 2D Fourier Transform F(u,v

at angled wrt u. ThereforeF'(w,0) is the Fourier Trans-
form of P(z,, ) and

Qlar, 0) = / T Fw,0) |w | e dw  (4)

gives the filtered projection, where the frequency respons “‘(?
of the filter is given bylw|. The reconstructed image can 5 OO
be obtained by integrating over the filtered backprojection ‘%nj ot

fay) = / " Qe 0)d8 (5)

The following two filters are defined in RADON [6]
Ramp Filter

H(f):{m it /1< fe

0 otherwise

wheref, is the cutoff frequency
Hann Filter

= { Y311k eoet i) W17 1< .

0 otherwise

3 RECONSTRUCTION EXAMPLES
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Figure 3: Original image (top) and reconstructed image us-
ing RADON (bottom). A total of 30 profiles with 64 sam-
ples per profile are used for reconstruction.

wherea, = Z 1
1,j€S

3.2 Background Error
Define the background region B consisting of all the cells

The program RADON, written in C++ generates simulayj j) that are not in S. Background Error is defined by

tion profiles, reconstructs images, and displays them graph- 1
ically. The program also reads mountain range data, re- Ep=—" Z i —
constructs in longitudinal phase space, and calculates the Inaz = Imin i.jEB

X;5)? @

longitudinal emittance. This section gives an example of
image reconstruction from simulation and compares it Withyhereq,, = Z 1.
the original image. Reconstruction with data acquired from ijeB

AGS is described in next section. The signal and back:
ground errors, as described below, compare the original i

age with the reconstruction.
3.1 Signal Error

Let I;; and X;; be the intensity of the original image and

the reconstructed image, respectively, in cell (i,)). Lgt..

be the maximum intensity of the original image. Define th

cutoff intensity I. to be 10% of the maximum intensity,

thatisl, = 0.11,,.,. Define the signal region S such that

I;; > I.. Signal Error is defined by

1
Es = f Oég Z iy ij (6)

1,
max m?n S, jES

.3 Example
F|gure 3 compares the reconstructed image with the origi-
nal image for an annular distribution, modulated in the az-
imuthal direction. A total of 30 profiles equally spaced be-
tween 0 andr, with 64 samples per profile are used for
the reconstruction. The signal and background errors are

%.21 and 0.07, respectively. In this case, the signal error

is due to the difference in amplitude of the reconstruction.
Sensitivity analysis were performed to determine the error
in reconstruction due to insufficient profiles, samples and
the error in synchrotron period. Figure 4 gives the signal
and the background errors, for a gaussian distribution due
to the error in synchrotron period. Several examples of re-
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construction with gaussian and annular distribution, and

. . . 5.59
associated errors are given in [11]. S 506
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4 APPLICATION IN RHIC SEXTANT TEST 3 %%g

c .
2 1.27

RADON application was successfully used during tl é g.gg

Spring 1997 RHIC Sextant Test [12] for longitudinal phas s 0.18

space reconstruction of AU" beams in AGS. Mountain- ’0'00620 T

range beam profile data from the Wall Current Monit RF phase [rad]

taken at AGS exrtraction flattop was captured into a fi._.
scope, LeCroy Model 9354TM, with a rearm time of 100

ps. The data was transfered to a computer via GPIB usinfggure 5: This figure shows two distinct globs of charge of
a LabVIEW program. Au”"* rotating in an AGS rf bucket, with the bottom frame

Particle motion was reconstructed from a set of profilerso'["’lted by 110 degree wrt the top frame.

recorded over half a synchrotron period (Figure 1), along 6 ACKNOWLEDGEMENTS
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