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Abstract

Two different parameters for the quantitative
description of beam halo are introduced, both based on
moments of the particle distribution. One parameter is a
measure of spatial halo formation and has been defined
previousy by Wangler and Crandall [3], termed the
profile parameter. The second parameter relies on
kinematic invariants to quantify halo formation in phase
space; we cal it the halo parameter. The profile
parameter can be computed from experimental beam
profile data. The halo parameter provides a theoretically
more complete description of halo in phase space, but is
difficult to obtain experimentally.

1 INTRODUCTION

We have been investigating parameters that provide a
quantitative description of halo. We are looking for a
parameter that describes halo in a similar vein with the
most important figure-of-merit of beam quality, the rms
emittance. The parameter should reflect the identifying
characteristics of halo and be useful for both theory and
experiment.

It isimportant to have a definition of halo in 1D spatial
projections for which experimenta measurements are
relatively easy to obtain. With this am, Wangler and
Crandall proposed a quantity for characterization of halo,
caled the beam profile parameter [3]. Through
simulation studies, they found that this parameter was
indeed a good indicator of the visually observable hao.
However, because of the beam’'s phase-space rotations,
the observed halo in 1D projections oscillates. For
example, at some locations the halo may project strongly
along the spatial coordinate and only weakly along the
momentum coordinate, while at others the reverse is true,
and the halo can be hidden from the spatial projection.
Therefore it is aso important to search for another
quantification of halo in 2D phase space distributions, one
which isinsensitive to the beam’ s phase space rotations.

Our approach isto extend the 1D work to obtain a halo
parameter suitable for description of beam hao in 2D
phase space. In so doing, one is lead naturaly to the
moment invariants presented by Dragt [1] and Lysenko
[2]. Specificaly, these are polynomia functions of the
distribution moments, which are invariant whenever al
the forces on the beam are linear (including self-forces).
These quantities are known as kinematic invariants and
are the consequence of the linear forces and symplectic
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structure imposed by Hamilton’s equations. Any quantity
built from the kinematic invariants would vary only in
situations where nonlinear forces were present.

2HALO PARAMETERS

We consider two parameters for quantifying the halo
based on moments of the particle digtribution. First we
discuss the profile parameter h defined by Wangler and
Crandall for the 1D sgpatial projections. We then
introduce the halo parameter H for the 2D phase-space
distributions. The halo parameter generalizes the profile
parameter using kinematic invariants.

2.1 Profile Parameter for Continuous Beams

A generd characterigtic of beam halo is the increased
population of the outer portion of the beam. The profile
parameter describes this feature in the spatial coordinate.
Let the coordinates of one phase plane be (q,p), where q
and p ae the spatid and momentum coordinates,
respectively. The spatial profile parameter, denoted h, is
then defined for continuous beams as [3]

h=<q* >/ <q? >% -2, (1)
where ([J] is the moment operator, or average over the
particle distribution. Note that h involves only spatial
moments of the distribution. The constant in the above
definition is chosen to normalize the parameter to the
value O for a KV distribution, for which there is no hao.
For a Gaussian distribution h = 1. Multi-particle
simulations show that significant halo presence in a 1D
projection corresponds to h>1.

The definition of h is essentially that of the kurtosis of
the beam, where we have used the value 2 instead of 3 in
the usua definition. Kurtosisistypically used to compare
the “peakedness’ of a distribution to that of a Gaussian.
Flatter digtributions have negative kurtosis while sharper
ones have positive kurtosis.  With the value 2, we
normalize to a uniform distribution rather than a
Gaussian; this seems appropriate for beam dynamics.

2.2 Halo Parameter for Continuous Beams

To describe presence of halo in 2D phase space, we
introduce the beam halo parameter H. If the motion is
uncoupled between phase planes, the following quantities
are kinematic invariants of motion [1]:

|, =<qg® >< p? >-<qgp>?, @
1, =<q* ><p* >8B<g?p? > -4<qp®*><g’p>.

Then we define the halo parameter H as
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H=y31,7/21,-2,

3
_\3<q*><p* >0 <g?p® > -12<qp® ><’p> _2 ©

2<q?><p? >-2<qp>2

The constants are chosen for normalization consistent
with that of the profile parameter. Thus, in Stuations of
elliptical symmetry in phase space, H will have a value 0
for the KV distribution and a value 1 for the Gaussian
distribution. Multi-particle simulations show that
significant halo in the 2D phase-space projection
correspondsto H>1.

2.3 Parameter Comparison for Beams with
Elliptical Symmetry

For idedized beam distributions with eliptical
symmetry in 2D phase space, the projected density
function p(q,p) hasthe form

@ p(a,p) = f (0 +2a0p+ A7),
where a, S, yare the Courant-Snyder parameters and f ([)
is a rea, postive function. The moments of this

distribution may be computed analytically in terms of the
moments of f. For example, we have

(a*) =§/32E—z. (a*p?) 2(3%2%}%

3 ,-F
(P =g & <qp3>=—§ayi—§,

®)

where
F EJ:f(s)ds, F, EJ:;f(s)ds, F, sj:szf(s)d& (6)

Using these relations, we find the following relationship
for the profile and halo parameters

(7) h=H=§ (FZ/FO)_
2 (F/F)

Thus, for dliptically symmetric distributions satisfying
Eqg. (4), the profile and halo parameters are analytically
equivalent. However, more genera beam distributions
(e.g., from multi-particle smulations) are not elipticaly
symmetric, and thus Eq. (7) isnot satisfied.

2.4 Bunched Beams and 6D Phase Space

Wangler and Crandal provided a separate
normalization constant for bunched beams. The constant
15/7 was chosen so that the profile parameter h would be

zero for a uniform density bunch in xyz space. The
resulting profile parameter redefinition is
h=<q* >/ <q? >2—1—75_ (8)

Likewise, for bunched beams we redefine the halo
parameter H as

H 51/3|4/2|2—1—75. 9)

Note that the bunched-beam constant 15/7=2.143 is close
to the continuous-beam value of 2.

Next, we investigate the halo parameters for bunched
beams with ellipsoidal symmetry. In six-dimensional
phase space, the distribution p hasthe form

P(0, Py, Gy, P2, 0ss P3) = df (ZTQZ) ' (10

where

z=(a P oo P2 % Py (12)
f is a positive real function, and Q is some symmetric,
positive definite, real 6x6 matrix (generalized Courant-
Snyder parameters). For digtributions described by Eq.
(10), it is again possible to compute anayticaly the
values of the profile and halo parameters, H and h. We
first compute theinvariants|, and 15. They are

_1F2 1 1 F2 1

=——=— ad l,=—->"22—"—. (12

> 36F2detQ * 192 F2 (detQ)? (12
The halo and profile parameters depend only upon the
distribution function f

Hopo9FdF2 15

4 F? 7
For the case of elipsoidal symmetry in 6D phase space,
we find that both parameters are again equa. Generally
however, beam distributions do not have ellipsoidal
symmetry and Eq. (13) isnot satisfied.

(13)

3NUMERICAL VALUES

To illustrate typical behavior of the profile and hao
parameters we present some numerical values for
particular beam distributions.

3.1 Parameter Values of Common Distributions

We tabulate the values of the profile and halo
parameters for several dandard analytic distributions
generally considered not to having significant halo. Table
1 lists the values of h and H both for the continuous and
bunched beam case. In the continuous beam case, we
assume the distribution is uniform in any 2D projection
(Kapchinskij-VIadmirskij distribution). In the bunched
beam case, we assume that the distribution is uniform in
any 3D projection. Notice that al values lie between O
and 1, unlike beams from the multi-particle simulations
that show strong hal o (see below).

Table 1. Parameter values for analytic distributions

Distribution Continuous o Bunched
Uniform 0 0
Parabolic v, 4/21
Gaussian 1 6/7
Hollow v, 75/112

1733



Proceedings of the 2001 Particle Accelerator Conference, Chicago

RMS Envelopes

o
N
o

o
N

o
e
@

——xrms
= = yms

Envelopes (cm)

o
s

o
o
@

)

0 101 206 311 416 521 6.26 731 836 941 1045
z (m)

Profile and Halo Parameters

3 —hx
~hy
—Hx

0 1014 2063 3112 4161 521 6.259 7.308 8.357 9.406 10.455
z(m)

Figure 2: matched case
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Figure 1: quadrupole mismatch

3.2 Numerical Smulations

To illustrate the behavior of the halo parameters h and
H for digtributions in multi-particle simulations, we
consider smulations of the hao experiment at the Los
Alamos Low-Energy Demonstration Accelerator (LEDA).
The Halo Experiment is designed to produce hao by
mismatching the beam into a 52-quadrupole periodic
FODO lattice. The beam is initially bunched; however,
since there is no longitudina focusing, it debunches as it
propagates down the channel. Here we use the continuous
beam profile parameter h halo parameter H.

We consider two cases, the matched case and a
mismatch that excites the quadrupole envelope mode.
These cases are shown in Figure 2 and Figure 1,
respectively. We see that the halo parameters H,, H, and
the profile parameters hy, h, are approximately constant at
values less than one for the matched beam. When the
beam is mismatched, the H parameters smoothly increase
while the h parameters are oscillatory about an increasing
mean. Both the h and H hao parameters assume values
larger than one, indicating strong hal o formation.

Unlike the idedlized case of eliptical symmetry where
h=H, the mismaiched beam in Figure 1 show that the
parameters can be quite different for the more genera
distributions. As mentioned above, it has been observed
that the halo can “hide” in phase space, so that it is not
observed in some spatial projections. The variations of the
profile parameter h are reflecting this fact, oscillating
about the smoothly varying H parameter.

CONCLUSION

The hao parameters defined here represent a convenient
and model-independent method for quantifying the
magnitude of beam halo observed in phase space and
spatial projections. The profile parameter his, in essence,
the kurtosis of the beam distribution. The phase-space
halo parameter H can be interpreted as a generalization of
hinto 2D phase space such that it isinvariant under linear
forces. Both parameters are useful. Although the profile
parameter and hao parameter both reduce to the same
value when the distribution has the elipticaly symmetric
form of Eq. (4), in genera these parametersare not equal.
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