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Abstract

The ion-hose instability is a transverse electrostatic in-
stability which occurs on electron beams in the presence
of a low-density ion channel. In the DARHT-2 accelerator,
the 2 kA, 2 microsecond beam pulse produces an ion chan-
nel through impact ionization of the residual background
gas (� 1:5 � 10�7 torr average). A calculation of the
linear growth by R. J. Briggs indicated that the instability
could be strong enough to affect the radiographic applica-
tion of DARHT, which requires that transverse oscillations
be small compared to the beam radius. We present semi-
analytical theory and 3-D particle-in-cell simulations (us-
ing the LSP code) of the linear and nonlinear growth of the
instability, including the effects of the temporal change in
the ion density, spatially decreasing beam radius etc. We
find that the number of e-foldings for a particular beam
slice is given approximately by the analytic expression for
a uniform channel using an average value for the chan-
nel density. Hence, in the linear regime, the number of
e-foldings increases linearly from head to tail of the beam
pulse. We also find that growth is suppressed by nonlin-
ear effects at relatively small amplitudes of the electron
beam. This is because the ion oscillation amplitude is sev-
eral times larger than that of the beam, allowing nonlinear
effects to come into play.

1 INTRODUCTION

The DARHT-2 linear induction accelerator [1] is de-
signed to produce a 2 kA, 20 MV, 2 �s flat-top electron
beam. It is expected that electron impact ionization of
the residual background gas in the accelerator (� 1:5 �
10�7 torr average) will result in a fractional electrical neu-
tralization of the order of 10�4. Even at this relatively
low ion density, potentially troublesome coherent trans-
verse displacements (ion-hose oscillations) of the beam and
channel can result due to their mutual electrostatic restor-
ing forces. In this paper, semi-analytical theory and 3-
D particle-in-cell (PIC) simulation are used to investigate
the potential severity of unstable ion-hose oscillations in
DARHT-2. In Section 2, Lee’s “spread-mass” model [2],
as applied previously to the ion-hose instability [3], is ex-
tended to include the effects of a focusing magnetic field.
The growth of the instability for typical DARHT-2 param-
eters is calculated from the linear theory, and we also make
use of a convenient nonlinear ansatz to perform numerical
calculations which suggest a significant nonlinear reduc-
tion in the growth rate.
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2 SPREAD-MASS MODEL OF ION-HOSE
INSTABILITY

Lee’s spread-mass model [2] provides a way to include
frequency-spread effects in the equations for transverse
motion of the beam and ion-channel centroids: each lon-
gitudinal segment of the beam and channel is decomposed
into rigid disks having a distribution of mass and labeled by
the continuous variables � and � (0 � �, � � 1). The cen-
troid of any beam segment ((b)) or channel segment ((d))
is the weighted mean of all the disks; i.e.,

b =

Z 1

0

g(�)b�d�; d =

Z 1

0

g(�)d�d� (1)

where g(x) = 12x2(1�x) is a normalized weighting func-
tion appropriate to the Gaussian profile [2]. Making use
of Eq. 1 we arrive at the spread-mass model equations for
ion-hose oscillations in the presence of a focusing magnetic
field. The equations for each rigid disk component are:

@2b�
@z2

= �2�k2�c(b� � d) + ikce
@b�
@z

(2)

@2d�
@�2

= �2�!2�i(d� � b) (3)

where b and d are complex phasors defined by b = bx+iby,
d = dx+idy, z measures distance along the accelerator and
� = t � z=c labels a particular beam segment by its time
of injection at z = 0. The beam betatron wavenumber,
cyclotron wavenumber and ion oscillation frequency which
appear in the above equations are given respectively by

k2�e =
f�


R2
; kce =

eBz


mec2
; !2�i =

me�c
2

miR2
(4)

where Bz is the solenoidal focusing magnetic field, me and
mi are the electron and ion masses, 
 the electron relativis-
tic factor, � = eIb=mc3, f is the fractional neutralization,
and R is the RMS beam and channel radius. For a Gaus-
sian beam and channel, the maximum (on-axis) value of
the betatron wavenumber (ion frequency) is twice the “rigid
beam” value given in Eq. 4, giving rise to the factors of 2
in Eqs. 2 and 3.

We next assume harmonic perturbations for b� and d� of
the form

b�; d� � ei(!t��z) = ei(!�+kz) = ei(
T+KZ);

where � is the laboratory wavenumber, k = !=c � � is
the “Doppler-shifted” wavenumber, and K = k=k�e and

 = !=!�i are the scaled wavenumber and frequency.
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Substitution into Eqs. 2 and 3 and use of the definitions
in Eq. 1 results in the dispersion relation

Z 1

0

2� g(�) d�

[2� � U(K)]
�

Z 1

0

2� g(�) d�

[2� �W (
)]
= 1 (5)

where U(K) = K2 �KKce and W (
) = 
2.
To obtain this dispersion relation, we have made the sim-

plifying assumption of constant f . For the case of beam
generated ionization, one would expect f at any position z
to ramp up roughly linearly with � . This case is considered
in the numerical calculations later in this section and in the
simulations of Sec. 3.

Approximating Eq. 5 in the “strong-focusing” limit
(where the solenoidal field is the dominant focusing force
on the beam), we find that at the end of the accelerator,
z = `, the growth of the instability is bounded according to

��b�� � Ce�; � �
4:75Zmax

Kce

=
4:75f�mec

2`

eBzR2
(6)

A representative set of DARHT-2 parameters is: Ib =
2 kA, 
 = 25, R = 0:5 cm, Bz = 830 G, ` = 50 m, and
p = 2 � 10�7 torr. Residual gas analysis of an evacuated
DARHT-2 cell showed H2O to be the dominant species [4].
Making use of the cross section for electron impact ioniza-
tion of H2O (� 0:9� 10�18 cm2 in the range 5–20 MeV)
we obtain the following expression for the fractional neu-
tralization f :

f ' 0:9� 109 � p(torr) � �(s) (7)

For the “worst case” assumption that f is constant at its
maximum value 3:6 � 10�4 corresponding to � = 2 �s at
the tail of the beam, Eq. 6 gives� = 8:26. Direct numerical
solution of Eq. 2 gives a maximum spatial growth� = 7:69
(at 
 = 
0 � 1:20) and we see that the largeBz limit gives
a modest overestimate for this parameter set.

Equations 2 and 3 were solved numerically for the above
set of parameters, using 50 disks to represent the distribu-
tion function g(x). The beam was given a transverse si-
nusoidal perturbation at z = 0 at the normalized resonant
frequency 
0 (21.6 MHz). The result, curve (a) in Fig. 1,
shows that the amplitude of the beam displacement at the
end of the accelerator grows over the first few hundred
nanoseconds of beam to a steady-state value correspond-
ing to slightly more than seven e-foldings, consistent with
the upper bound from the dispersion analysis for a uniform
channel. For a linearly ramped channel, we obtain curve
(b) of Fig. 1. The instability grows at about the rate given
by the analytic dispersion relation if we simply use a value
of f equal to its longitudinal average over the length of the
accelerator. This seems reasonable, since the pulse-length
of 2 �s is much longer than the transit-time through the
accelerator (about 170 ns).

The linear theory provides an estimate for the ratio of
the amplitudes of the channel and beam displacements. At

 = 1:20 we find that ��d����b�� ' 4 (8)

Figure 1: Amplitude of beam displacement at the end of

the accelerator (` = 50 m) for (a) constant channel den-

sity and (b) linear ramp channel density. (From numerical

integration of linear model equations.)

and this ratio is consistent with the numerical results in the
linear regime (cf. Fig. 2). We would expect nonlinear ef-
fects to appear for beam-channel displacements of the order
of the radius R, and in light of Eq. 8, for beam displace-
ments as small as perhaps 10–20% of the radius. Replac-
ing the linear beam-channel restoring forces in Eqs. 2 and 3
with a nonlinear term [3], we obtained the results shown in
Fig. 2, where linear growth of the beam displacement stops
at a level slightly below 10% of the radius R. Calculations
at several other pressures further suggest that the saturation
level is roughly proportional to the pressure and hence to
the linear growth rate. These conclusions were investigated
more quantitatively in a series of numerical simulations de-
scribed in the following section.

3 SIMULATIONS OF ION-HOSE
INSTABILITY

The spread-mass model presented above is based on a
simplified model of beam dynamics. To check the results
it gives, and include some additional effects, we have used
the particle-in-cell code LSP [5]. For this problem, LSP

calculates the transverse electric and magnetic fields from
Poisson-type equations, which are solved using 2-D FFT’s.
Particles are pushed in the transverse direction using the
Lorentz equation.

We first carried out a series of benchmark calculations to
compare the PIC model with the spread-mass model. The
beam energy was constant (no acceleration) and a constant
axial magnetic field was used. The physical parameters
were: 
 = 25, Ib = 2 kA, R = 0:5 cm, �L = 0:1 cm-
rad, Bz = 830 gauss, ` = 50 m. Six simulations were
carried out, with vacuum pressures from 10�7 to 6� 10�7

torr. For a pressure of 6 � 10�7 torr, the transverse beam
and channel displacement at the end of the 50 m drift space
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Figure 2: Amplitude of the beam and channel displace-

ments (in units of the beam radius R) from numerical inte-

gration of the nonlinear model equations for same parame-

ters as in Fig.1.
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Figure 3: Comparison of centroid displacements at end of
drift-space from 3-D PIC simulation and spread-mass mod-
els for a pressure of 6� 10�7 torr.

are plotted in Fig. 3. The agreement between the spread-
mass and PIC models is quite good in the linear regime and
early nonlinear regime. In Fig. 4, we compare three val-
ues of the centroid amplitude at the end of the drift space
from the two models: the beam and ion centroids at the first
nonlinear peak (�e1 and �i1 in Fig.3), and the beam cen-
troid at the maximum peak, wherever in the pulse it occurs
(�emax in Fig. 3).

The poorer agreements in the later nonlinear stages is
perhaps not surprising since the spread-mass model may
not capture the nonlinear changes in the beam distribution.
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Figure 4: Comparison of centroid displacements at end of
drift-space from PIC and spread-mass models vs. pressure
(units of 10�7 torr). Plot (a) compares the first nonlinear
peak for the beam (�e1) and ions (�i1). Plot (b) shows the
first (�e1) and maximum (�emax) peaks for the beam.
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