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Abstract

Expressions for the induced energy spread and
emittance degradation of a single bunch due to the
longitudinal and transverse impedance of rf cavities at the
end of a linac structure are presented. Scaling of the
formulae with rf frequency is derived. Scaling of the
threshold current for the multibunch, multipass beam
breakup (BBU) instability in recirculating linacs with
accelerator and beam parametersis also derived.

1INTRODUCTION

Recirculating, energy recovering linacs (ERLS) can be
used as efficient driver accelerators for high average
power Free Electron Lasers, synchrotron radiation light
sources and colliders. The efficiency of ERLS increases as
the beam intensity increases. Furthermore, for al these
applications the beam at the end of the acceleration must
maintain small energy spread and small transverse size in
spite of strong wakefields. In this note we examine the
scaling of wakefield effects with accelerator and beam
parameters and, in particular, how the choice of rf
frequency influences the wakefield effects.

2MULTIBUNCH —MULTIPASS BEAM
BREAKUP

For a single cavity, a single higher order mode (HOM)
and a single recirculation, the multipass, multibunch beam
breakup threshold current can be approximated by [1],

| = -2p,C
" e(R/Q)QOklirz

where the most pessimistic conspiracy of time delay has
been assumed. Here p, is the momentum of the
recirculating beam, (R/Q), is the shunt impedance of the
structure for the particular HOM, in units of Ohms,
ko= a/c is the wavenumber of the HOM and My, is the
transfer matrix element for the recirculation path in the
(x,x") space.

To investigate the scaling of the BBU threshold current
with rf frequency, we consider structures which provide
the same energy gain at different rf frequencies. Next we
explore the scaling under two different assumptions: a)
gradient is frequency-independent and b) gradient varies
linearly with frequency.

@

2.1 Gradient is Frequency-Independent
If the gradient is frequency-independent, then in order
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to have the same energy gain, the structures must have the
same length at all frequencies. Then the shunt impedance
of the structure (R/Q), is equa to (r/Q)n, L~al, where
(r/Q)n is the shunt impedance per unit length and scales
linearly with frequency [2].

Now we discuss the scaling of Q,, with rf frequency.
The value of the external Q of the HOM depends on the
coupling of the mode and it is, in principle, independent
of frequency. Lower frequencies however tend to favor
lower Q values for two reasons: first, because at lower
frequencies there are typicaly fewer cells per structure,
which makes coupling of HOMs easier; second, there are
fewer trapped modes in a structure with fewer cells.
Because of these considerations, Q,, will be left out
explicitly in the scaling. Finally p, and My, have no
explicit frequency dependence and ky~ w

In summary, if the gradient is assumed frequency-
independent then the threshold current scales with the rf
frequency as

1
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2.2 Gradient isa Linear Function of Frequency

If the gradient varies linearly with frequency, then as
one scales to a different frequency, the length of the
structure must also scale accordingly in order to maintain
the same energy gain. Specificaly, if Exc~a@ then L~/ w
for constant energy gain. Therefore

(R/IQ),,=(r/Q),,L ~ a)i ~constant  (3)
w
and the threshold current scales as
1
Iy, ~ )
aQ,,

In general, if L, is the total length of the accelerator,
then the multibunch BBU threshold current varies as,

1

Iy ~———
szacch
independently of the gradient scaling with rf frequency.

(4)
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3 LONGITUDINAL IMPEDANCE

The induced energy spread due to longitudinal
impedancesis given by

AE = ZK‘Q (6)

where Q is the charge per bunch and k; is the loss factor

due to longitudinal wakes. For a single-cell rf cavity the
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longitudinal loss factor is given to a good approximation

by [3],
- Zc |9
cavity — 0 J 7
! 2ra\ o 0

where g is the gap of the cavity, oisthe rms bunch length,
a is the beam pipe radius and Z,=377Q is the impedance
of free space. If there are Negycay CEllS per cavity of length
| and if they are close enough together so that Ny >>1,
where Ny is defined by

ka® 1a°
—— == ®

I ol

and expresses the number of cells which interfere with
each other, then the total induced energy spread does not
increase linearly with Ny bUt instead it increases as
the Negicav. This is true until the number of cells per
cavity is approximately equal to Ngt. FOr Negica=Ner the
contribution from the individua cells start to add again,
until, in the asymptotic regime, one finds the expression
for the loss factor of an infinite periodic structure, given
by

Ny =

;mperiodic = Eiz (9)
2ir a
Therefore, the induced energy spread due to the
longitudinal impedance of N, cavities, is given by

AE = Ncav Y chl/cav 2"(1|CaVityQ (10)

as long as Negicay remains less than or approximately
equal to Negt.

3.1 Scaling of Longitudinal Impedance

We assume the most straightforward scaling of the
physical dimensions of a cell with frequency, namely
g,a~ i . (12)
w

We also assume that the bunch length scales inversely
proportiona to frequency, o~1/« If additional bunching
is needed at the final beam energy, such as the case might
be in an FEL, this can take place at the end of the
acceleration section with the use of magnetic elements.
Under these assumptions the energy spread scales with rf

frequency as
AE ~ Ncav\j Nodl/caan (12)

up to Ner. Note that Net ~ a%/al ~ (1/¢f) wew~ independent
of frequency. Namely, the number of cells over which
there is interference is the same at al frequencies, and the
multiplicative factor involving the number of cells is the
same for al freguencies.

4 TRANSVERSE IMPEDANCE

The emittance degradation due to transverse wakefields
can be expressed as

=142 [V 3
2T\ Be,
for small 5, where 7 isgiven by [4],
E. - E
~ GQ(kD/I)Laocderator |n%|_+ f EB (14)
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where (kA1) is the total impedance of the whole
accelerator per unit length, xo is the beam offset, S is the
betatron function and &, is the normalized emittance. This
expression assumes no emittance compensation schemes,
such a BNS damping. For a single cavity, the transverse
loss factor is given to a good approximation by,

- Zc1l
kW == " /mgo . (15)
. ar V™
For Negjcay CEllS per cavity, up to N,
1 6Q |mo
LaCC (16)

,7 i V Nodl/cav ? ?

where now the single-cell loss factor is multiplied by the
sguare root of the number of cells to account for the
interference between cells, but also the length becomes
Neaircav times longer. Just as in the longitudinal case, the
transverse impedance for an infinite periodic structure of
length | can be derived by adding up linearly the
contributions of each cell beyond the ~ Ng-th one, to
arrive at

iogic  Zo,C 1
kperiodie — 207 _— g 17
. 4ir a* 9
4.1 Scaling of Transverse Impedance

Assuming that al cavity dimensions and the bunch
length vary inversely proportionally to the rf frequency,
a,gl, o~ 1 wwearrive at

L

1~ 22— Qw’ (18)
NceH/cav
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