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Abstract

The evolution of a charged particle beam in an
infinite 1-D quadrupole-like device with small sextupole
and octupole aberrations is analitically and numerically
described in the framework of the Thermal Wave Model.
The transverse density distribution of the beam, whose
initial configuration is represented by an arbitrary
coherent state (Gaussian-like off-axis centered
distribution), is described in terms of a Schrödinger-like
equation where Planck's constant is replaced with the
transverse emittance. In this quantum-like description of
the transverse beam dynamics the distruption of the
beam coherence is analytically and numerically
investigated.

1  INTRODUCTION
Recently charged particle beam transport through a

generic optical device has been described by means of
the so-called Thermal Wave Model (TWM) for particle
beam dynamics [1]. In this approach the transverse
(longitudinal) dynamics of a particle beam is described
in terms of a complex function, called beam wave
function (BWF), whose squared modulus gives the
transverse (longitudinal) density profile of the beam [1]-
[3], [6] ([4,5,7,8]). The BWF satisfies a Schrödinger-like
equation where Planck's constant is replaced by the
transverse (longitudinal) beam emittance [1]-[3], [6]
([4,5,7,8]). In this paper, we study the particle beam
evolution of a generic off-axis coherent state through an
infinite 1-D quadrupole-like in the presence of small
sextupole and octupole deviations . We show that , due
to the aberrations, during the evolution, the particle
beam profile does not correspond to a coherent state
anymore. Numerical extimes for this effect have been
given.

2 SEXTUPOLE AND OCTUPOLE
DEVIATIONS THROUGH AN INFINITE

QUADRUPOLE

In this section we describe the transverse dynamics of
the charge particle beam while it is travelling through an
infinite 1-D quadrupole of focusing strength k1 0>  with
small  sextupole and octupole deviations (aberrations). It
has been shown in Ref. [6,9] that if we assume an initial
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the  beam evolution in absence of aberrations at any
z > 0  is described by a particular coherent state which is
the ground-like state
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In Eq. (2) the beam transverse sizeσ 0  satisfies the

equilibrium condition σ ε0
2

12= k  (zero-divergence of

the beam), where ε  is the beam emittance. The
functions ( )x z0  and ( )p z0  represent the space-coordinate

and the momentum coordinate shift,  respectively, and
they
satisfy the following differential equations

x k x0 1 0 0'' + =   , (3)

p k p0 1 0 0'' + =   . (4)
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In presence of  small sextupole and octupole aberrations,
the BWf satisfies the following equation
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with the initial condition (1), where the perturbation
( ) ( ) ( )$ ! !V x k x k x= +1 3 1 42

3
3

4 accounts for the aberrations.

In particular ( ) ( )( )1 3 1 42
3

3
4! !k x k x  corresponds to the 1-D

sextupole (octupole) potential term. Note that ( )$V x   can

be considered a small perturbation if the conditions
k k2 0 13 1σ << and  k k3 0

2
112 1σ <<   are satisfied.

 An approximate solution of the problem (6) with the

initial condition  (1), and with  ( ) [ ]x z A sin k z0 0 1 0= + ϑ  can



be obtained by using the standard perturbation approach.
We write the following expansion of the ( )Ψ x z,  in terms

of the eigenstates Ψm
0 , namely
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where the eigenstates Ψm
0  are defined by

( ) ( ) ( )
( )

( )[ ]Ψ
Θ

m
n

nx z
x z

n
H

x x z

z
i n z0 0 0

2 2
2,

,

!
exp=

−









σ

φ  . (8)

and the function is given by ( )φ 0 1 2z k z= − . The

substitution of Eq. (8) into (6) yields the infinite set
of equations
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where n n≡ Ψ0 . To solve the set of equation (9) we

consider the first order correction to the BWF in the case
in which ( )cm m0 0= δ , , according to the initial condition

(1). If we write ( ) ( )c z c zm m m= +δ ,0
1   Eqs. (9) give
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Hence, the coefficients ( )c zn
1   are given by the following

expressions
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In the above expressions the functions( )ρ m n z,  are

defined  as
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3  NUMERICAL RESULTS
In the equations for ( )c zn

1  we have introduced the

dimensionless parameters ν σ= k k2 0 13 , µ σ= k k3 0
2

112

and 
~
A A0 0 0= σ . The non-normalized perturbed BWF is

then obtained by the superposition (7) for five terms
only,
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Note that now the BWF ( )Ψ x z,  given by (17) is not

Gaussian anymore and, consequently, does not represent
a coherent state anymore. In fact, the aberrations
introduce a defocosing of the particles which produces a
distortion of the particle beam distribution with respect
the unperturbed gasussian profile. The parameters µ  and
ν  represent a measure of the distortion due to sextupole
and octupole, respectively, once the multipole distortion



is defined as the ratio of the sextupole (octupole)
aberration strength to the quadrupole strength. Provided
that µ <<1 and  ν <<1, the distribution in configuration

space is proportional to Ψ 2 ,  where Ψ  is given by (17).

In  Fig. 1 we have plotted the normalized transverse
density profile versus the dimensionless transverse

coordinate x 2 0σ  for increasing values of the

dimensionless length ξ = k z1  and for µ = 0 005. ,

ν = 005. , 
~

.A0 04= , ϑ π0 2=  [see Fig. 1(a)-1(f)].  The

dashed lines give the starting distribution of the off-axis

coherent state.The parameter 
~
A0  is a measure of the shift

of the starting beam distribution center from the optical
axis and  the condition ϑ π0 2=   means that we are

considering  a beam distribution whose initial velocity is
zero. From Fig. 1(a)-1(f) we can clearly see that the
center of the particle distribution oscillates as the beam
propagates throughout the optical device. The solid lines
represent the distorted and shifted particle distributions
for values of the dimensionless length ξ  increasing from
ξ = 23 to ξ = 28 .
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Fig.1  Normalized transverse profile of the beam density

2 0
2πσ Ψ  vs. x 2 0σ  for increasing value of the

dimensionless length ξ  and for 
~

.A0 04= ,ν = 0 05.  and

µ = 0 005. . The dashed line is the starting distribution of
the off-axis coherent state; the solid line is the distorted
distribution. (a) ξ = 23, (b) ξ = 24 , (c) ξ = 25, (d) ξ = 26 ,
(e) ξ = 27 , (f) ξ = 28


