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Abstract

The study of Transition Radiation (TR) of a bunch of N

electrons offers a precious insight into the role that Lorentz-

covariance and temporal-causality play in an electromag-

netic radiative mechanism of a relativistic beam. The con-

tributions of the N single electrons to the radiation field are

indeed characterized by emission phases from the metallic

surface which are in a causality relation with the tempo-

ral sequence of the N particle collisions onto the radiating

screen. The Lorentz-covariance characterizing the virtual

quanta field of the relativistic charge is also expected to im-

print the radiation field and the related energy spectrum.

The main aspects of a Lorentz-covariance and temporal-

causality consistent formulation of the TR energy spectrum

of an electron bunch will be described.

INTRODUCTION

The electromagnetic field of a relativistic charge in a rec-

tilinear and uniform motion can induce the boundary inter-

face between two media with different dielectric properties

to emit radiation, the so called Transition Radiation (TR)

[1, 2]. Forward and backward radiation is emitted with an

angular distribution scaling down with the Lorentz factor γ

of the relativistic charge (γ = E/mc2) and a frequency band-

width determined by the plasma frequency and the finite

dimension of the radiating surface. TR finds various appli-

cation in beam diagnostics of a particle accelerator: to mon-

itor the beam transverse profile by imaging the visible light

spot (OTR, Optical Transition Radiation) emitted by the

charged beam while crossing a metallic foil [3] or to mea-

sure the length of the charged beam via spectroscopic anal-

ysis of the coherent enhancement of the radiation intensity

[4]. For observation condition of the radiation in the visible

or in the far infrared, the interface vacuum-metal practically

behaves like an ideal conductor. The modelling of the radia-

tor surface as an ideal conductor allows a better comprehen-

sion of the dynamics of the charged distributions involved

in TR emission and of the attribute as "polarization radia-

tion" that is sometimes given to TR. An ideal conductor sur-

face can be indeed schematized as a double layer of charge.

The collision of a bunch of N relativistic electrons with the

metallic surface can be modelled as the interaction of an

incident relativistic charge with a double layer of charge (a

beam collision at a normal angle of incidence onto the radi-

ator surface is supposed in the present paper). At the same

time, the radiation emission can be interpreted as the result

of the dipolar oscillation of the double layer of charge which

is induced by the relativistic electron bunch, see Fig. 1. The
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observation of a backward emitted component in the TR can

be indeed explained as the result of a dipolar oscillation of

a double layer of charge. The propagation of the radiation

field from the metallic surface can be interpreted in terms

of the Huygens-Fresnel principle and formally expressed in

terms of the Helmholtz-Kirchhoff integral theorem. Under

far-field approximation, the Helmholtz-Kirchhoff integral

theorem allows to express the single harmonic component

of the radiation field as the Fourier transform - calculated

with respect to the coordinates of the radiator surface - of the

transverse component of the electric field of the relativistic

charge, the so called virtual quanta field. The density-like

Lorentz-covariance characterizing the electric field of the

incident electron bunch is expected to characterize both the

TR field and the corresponding energy spectrum. Signature

of the Lorentz-covariance is the dependence of the radiation

energy spectrum on the Lorentz-invariantdistribution of the

transverse coordinates of the N electrons. Besides Lorentz-

covariance, the TR field and the related energy spectrum of

the N electron bunch are also expected to bear the imprint

of the temporal-causality constraint: the emission phases

of the N single electron amplitudes composing the radia-

tion field must be causality related to the temporal sequence

of the N electron collision onto the metallic screen, which

only depends on the distribution of the longitudinal coordi-

nates of the N electrons. Lorentz-covariance and temporal-

causality are physical constraints an electromagnetic radia-

tive mechanism by a relativistic charged beam must fulfill.

Both these two constraints are expected to imprint the TR

energy spectrum of a bunch of N electrons. The failure in

implementing the one of the two physical constraints in the

formula of the TR energy spectrum of a bunch of N elec-

trons implies necessarily also the defect of the other and

vice-versa. In the present paper, a Lorentz-covariance and

temporal-causality consistent formulation of the TR energy

spectrum of a relativistic bunch of N electrons is presented

and the agreement of the presented model with well-known

results of the TR theory of a single electron is demonstrated

[5–7]. The breaking point between a Lorentz-covariance

and temporal-causality consistent or inconsistent theoreti-

cal model of TR of a bunch of N electrons is discussed.

TR ENERGY SPECTRUM

Causality and Covariance

The case of a bunch of N relativistic electrons at normal

incidence onto a metallic screen is considered in the present

paper. The N electrons are supposed to move with a com-

mon rectilinear and uniform velocity �w = (0,0,w) along

the z-axis of the laboratory reference frame. The radiator
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Figure 1: In the picture sequence [(a) → (e)], a simplified

representation of the TR emission is sketched. The inci-

dent relativistic charge induces a dipolar oscillation on the

double layer of charge, i.e., the metallic surface. With the

charge approaching the metallic foil, the conduction elec-

trons, initially at rest on the metallic surface, undergo a tan-

gential displacement due to the electric component of the

Lorentz force (the transverse component of the electric field

is γ times stronger than the longitudinal one). Subsequent

to the initial transverse motion, the conduction electrons are

also displaced along the longitudinal direction because of

the magnetic component of the Lorentz force. As a result of

the dipolar oscillation, the double layer of charge generates

the TR emission. Due to the simplicity of this pictorial rep-

resentation, charge oscillation and radiation emission are ar-

tificially distinct in two different phases. In reality, such two

phases are intrinsically and temporally indistinguishable.

surface is supposed to behave as an ideal conductor in the

radiation frequency range of interest. The Fourier transform

of the electric field travelling with the electron bunch reads

�E(�k,ω) = −i(8π2e)
[�k − (ω�w/c2)]
[k2 − (ω/c)2]

×

×
���

N∑
j=1

e−i�k ·�r0 j ��� δ(ω − �w · �k), (1)

where [�ρ0 j = (x0 j , y0 j ), z0 j ] ( j = 1, ..,N) are the spatial

coordinate vectors of the N electrons at the reference time

t = 0. The (x, y) components of the Eq.(1) are normally re-

ferred as virtual quanta field. The harmonic component of

the radiation field of the N electrons can be obtained by ap-

plying the Helmholtz-Kirchhoff integral theorem [1] to the

electric field of the incident charge on the boundarymetallic

surface. Under far-field approximation, this reads

E tr
x,y (�κ,ω) =

k
2πD

∫
S

d�ρEvq
x,y (�ρ,ω)e−i�κ ·�ρ , (2)

where �ρ = (x, y) are the spatial coordinates of the radi-

ator surface S having an arbitrary size and shape, k =
ω/c = 2π/λ is the wave number, �κ = (kx , ky ) =
k sin θ(cos φ,sin φ) is the transverse component of the

wave-vector and D is the distance from the radiator surface

to the observationpoint. From Eqs.(1,2), the harmonic com-

ponent of the TR field of the N electrons reads [5–7]

E tr
x,y (�κ,ω) =

N∑
j=1

Hx,y (�κ,ω, �ρ0 j ) e−i(ω/w)z0 j (3)

where, with α = ω
wγ

,

Hx,y (�κ,ω, �ρ0 j ) =
iek

2π2Dw
× (4)

×

∫
S

d�ρ
∫
d�τ
τx,y e−i�τ ·�ρ0 j

τ2
+ α2

ei(�τ−�κ) ·�ρ .

TR energy spectrum can be finally obtained

d2I
dΩdω

=

cD2

4π2

∑
μ=x,y

( N∑
j=1

���Hμ, j
���2 (5)

+

N∑
j,l ( j�l)=1

e−i(ω/w)(z0 j −z0l )Hμ, jH∗μ,l
)
.

where Hμ, j = Hx,y (�κ,ω, �ρ0 j ) (μ = x, y), see Eq.(4). The

evidence of the temporal-causality constraint in the expres-

sion of the TR field stays in the emission phases from the

radiator of the N single electron radiation field amplitudes

Hμ, j which are in a causality relation with the temporal se-

quence of the N electron collisions onto the metallic screen,

only dependent on the distribution of the N electron longitu-

dinal coordinates z0 j ( j = 1, ..,N), see Eqs.(3,4). Temporal-

causality consistent is the formula of the TR energy spec-

trum - see Eqs.(5) - where the reciprocal interference of

N single electron radiation field amplitudes only depends

on the reciprocal emission delays (z0 j − z0l ), j, l = 1, ..,N .

The covariant dependence of the TR energy spectrum - see

Eqs.(3,4,5) - on the distribution of the N electron transverse

coordinates (x0 j , y0 j ) ( j = 1, ..,N) appears evident after

performing the integral calculus in the Eq.(4) [5]. In fact,

for a round radiator surface S with a radius R larger than

the beam transverse size (R � ρ0 j =

√
x2

0 j
+ y2

0 j
), the TR
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field - Eqs.(3,4) - reads

E tr
x,y (�κ,ω) =

N∑
j=1

2iek
Dw

κ

κ2 + α2
e−i[(ω/w)z0 j +�κ ·�ρ0 j ] ×

×

(
cos φ

sin φ

) [
ρ0 jΦ(κ,α, ρ0 j ) −

(R + ρ0 j )Φ(κ,α,R + ρ0 j )
]
, (6)

where, with (J,K) Bessel function of 1st and 2nd kind,

Φ(κ,α, ρ0 j ) = αJ0 (κ ρ0 j )K1 (αρ0 j ) +
α2

κ
J1(κ ρ0 j )K0(αρ0 j ). (7)

From Eqs.(5,6,7), the formula of the TR energy spectrum

of a N electron bunch at normal incidence onto a circular

radiator with a finite radius R (0 ≤ R < ∞) follows

d2I
dΩdω

=

d2Ie
dΩdω

( N∑
j=1

|Aj |
2 (8)

+

N∑
j,l ( j�l)=1

Aj A∗l e
−i[(ω/w)(z0 j −z0l )+�κ ·(�ρ0 j−�ρ0l )]

)

where

d2Ie
dΩdω

=

(eβ)2

π2c
sin2θ

(1 − β2cos2θ)2
(9)

is the well-known Frank-Ginzburg formula and

Aj = ρ0 jΦ(κ,α, ρ0 j ) − (R + ρ0 j )Φ(κ,α,R + ρ0 j ). (10)

In Eqs.(8,9,10), the N electron transverse coordinates

(x0 j , y0 j ) ( j = 1, ..,N), on the one hand, contribute to de-

termine the well-known three-dimensional form factor, on

the other hand, leave a covariant mark on both the temporal

incoherent and coherent components of the TR energy spec-

trum. The case of the TR emission from an infinite metallic

surface (S = ∞) can be obtained from the results above un-

der the limit R → ∞. Under the limit R → ∞, Eq.(10) - see

also Eq.(12) - reads

Aj → ρ0 jΦ(κ,α, ρ0 j ). (11)

Finally, with reference to Eqs.(8,9,11), the formula of the

TR energy spectrum of N electrons hitting an infinite radi-

ator (S = ∞) can be obtained. It is worth to stress that, in

order to obtain the results of TR from an infinite radiator

(S = ∞) - Eqs.(8,9,11) - the following formal procedure is

applied: first, in the implicit expression of the TR field - see

Eq.(3,4) - the integral calculus with respect to the radiator

surface S is performed for a round screen with a finite ra-

dius R; finally, the limit R → ∞ is applied to the resultant

expression of the TR field. In the following subsection, the

consequences of applying directly the limit S → ∞ to the

implicit expression of the radiation field - Eq.(3,4) - will

be described. Numerical simulations of the angular distri-

bution of the TR intensity - refer to the temporal incoher-

ent part of the TR energy spectrum, see Eqs.(8,9,11) - are

shown in Fig. 2 for a given value of the beam transverse

size and different values of the observed wavelength and

beam energy. A beam transverse size dependent diffractive

cut-off clearly affects both the angular and spectral distribu-

tions of the TR intensity [5–7], see Fig. 2. Some relevant

results already well-known in literature can be derived from

the results reported above, see Eqs.(8,9,10). In the case of a

single electron travelling along the z-axis, it can be indeed

demonstrated [5] that under the limit R → ∞ and ρ01 → 0

{
(R + ρ0 j )Φ(κ,α,R + ρ0 j ) → 0

ρ0 jΦ(κ,α, ρ0 j ) → 1
(12)

the TR field - Eq.(6) - tends to

E tr,e
x,y (�κ,ω) =

2iek
Dw

κ

κ2 + α2

(
cos φ

sin φ

)
(13)

from which the Frank-Ginzburg formula follows, see Eq.(9).

Furthermore, in the case of a single electron with ρ01 → 0

and a radiator with a finite radius R the well-known result

of the TR field of a single electron hitting a round radiator

can be obtained from Eq.(6,7,12)

E tr
x,y (�κ,ω) =

2iek
Dw

κ

κ2 + α2

(
cos φ

sin φ

)
× (14)

×

[
1 − αRJ0 (κR)K1(αR) −

α2R
κ
J1(κR)K0(αR)

]
.

See Eq.(14) and compare it with Eqs.(8,9) in [8].

Causality and Covariance Defect

In previous section, the formula of the TR energy of an N

electron beam normally hitting an infinite metallic surface

(S = ∞) - see Eqs.(8,9,11) - was derived according to the

following procedure: first, the integral calculus in Eq.(3,4)

with respect to a finite screen size (S < ∞) is performed;

finally, the limit S → ∞ is applied to the so obtained re-

sult. If this procedure is inverted, i.e., if the limit S → ∞
is directly applied to the implicit expression of the TR field

- see Eq.(3,4) - before the integral calculus with respect the

radiator surface S is performed, then the TR field reads [7]

E tr
x,y (�κ,ω) =

N∑
j=1

E tr,e
x,y (�κ,ω) e−i[(ω/w)z0 j +�κ ·�ρ0 j ], (15)

and the related formula of the TR energy spectrum reads:

d2I
dΩdω

=

d2Ie
dΩdω

(
N + (16)

N∑
j,l ( j�l)=1

e−i[(ω/w)(z0 j −z0l )+�κ ·(�ρ0 j−�ρ0l )]
)

where E tr,e
x,y (�κ,ω) is given in Eq.(13). Looking at

Eqs.(15,16), it appears evident the covariant role of the
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Figure 2: TR angular distribution for different beam energy:

(a) 500, (b) 750 and (c) 1000MeV ; wavelength λ = 680 nm
(Red curve), λ = 530 nm (Green curve), λ = 400 nm (Blue

curve); Gaussian bunch of N = 105 electrons with σ = 50

μm. Blue, Red and Green curves from Eqs.(8,9,11), (Black

curve) from Eq.(9).

transverse coordinates of the N electrons is completely

missed. In fact, in both the N single electron radiation field

amplitudes and the temporal incoherent part of the TR en-

ergy spectrum any dependence on the Lorentz-invariant dis-

tribution of the N electron transverse coordinates (x0 j , y0 j )
( j = 1, ..,N) disappeared. Moreover, looking at the for-

mula of the TR field - Eq.(15) - it turns out that the causal-

ity role played by the N electron longitudinal coordinates

z0 j ( j = 1, ..,N) in determining the emission phases of the

N single electron radiation amplitudes is completely mixed

up (indistinguishable) with the role of the N electron trans-

verse coordinates (x0 j , y0 j ) ( j = 1, ..,N). The transverse

coordinates of the N electrons indeed do not determine the

emission phases but only contribute to determine the obser-

vation phases as a function of the N electron distances from

the z-azis of the reference frame. But, according to the for-

mulation given in Eq.(15), the transverse coordinates of the

N electrons seem to play the same causal role played by the

N electron longitudinal coordinates.

CONCLUSIONS

Transition radiation (TR) emission of a bunch of N elec-

trons is ruled by Lorentz-covariance and temporal-causality

as other electromagnetic radiative mechanism by relativistic

charged beams. In case of normal incidence, the Lorentz-

covariance consistency for a model of TR means that the

Lorentz-invariant dependence on the transverse coordinates

of the N electrons is transmitted from the electric field of the

relativistic bunch to the TR energy spectrum. At the same

time, the clear and strict dependence of the emission phases

of the N single electron radiation field amplitudes from the

radiator surface on the distribution of the N electron longi-

tudinal coordinates - i.e., on the temporal sequence of the N

electron collision onto the metallic screen - is the signature

of the temporal-causality in a model of TR. The formal pro-

cedure how to implement in the radiation field expression

the integral calculus with respect to the radiator surface rep-

resents the breaking-point between a Lorentz-covariance

and temporal-causality consistent or inconsistent model of

TR.
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