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Abstract with O_D i

- (3
We calculate closed analytic expressions for the longitudi- Z= 20 + Vo (7)
nal Schottky Signals from beams with gaussian momentum o
distribution. All dispersion integrals can be evaluated inf N€ fitting parametersl, B, ..., " have the following in-

terms of complex error functions. Using a Raaipproxi- terpretation

mation for the error functions allows very rapid evaluation A offset or base line

of the Schottky spectra. B = amplitude of the signal
C = frequency spreag = pwono,
1 INTRODUCTION D = center frequency gi—th harmonicpwg
In ref. 1 and 2 expression are deduced for the longitudinal £ = scaled damping rate=/po

1 _an ToZy/pwi
2m 'yoﬁg moc2 o2

Schottky spectrum at the-th harmonic for a beam under F +iG scaled impedance

the influence of cooling, characterized by the cooling rate o ) ]
v and a longitudinal impedancg Note that in this representation the fit-parameiealone

describes the effect of damping and titat- iG' o 12 1o
(Q) ‘2 alone describes the effect of the impedarice.
— || ¥(©/p) 1)
2 QUALITATIVE FEATURES

where the dielectric function({2) is given by In this section we will exploit eq. 6 and generate longitu-

am Wz dinal Schottky spectra that allow us to deduce the beam’s
> tiwl(Q). (2) properties directly from the shape of spectra similarly to
the discussion in ref. 1.

SO) = 1@

The gaussian distribution functiaf{w) is defined by e In the absence of dampingZ(= 0) and collective

effects ¢ + iG = 0) the schottky spectrum is given

1 _ (w—wo)? Lo
w(w>=mae 2t 3) by the momentum distribution (22/p).

¢ In the absence of impedancE ¢ iG = 0) the cool-
ing rate does not affect the schottky power spectrum
as can be seen from eq. 6, where the entire term in ab-
solute values vanishes. Note that the damping rate still

The dispersion integrals(€2) and.J(2) can be evaluated
analytically in terms of the complex error functien(z)
[3] which is shown in the appendix and are given by

400 b(w) 1 enters indirectly, because it affects the equilibrium en-
iI(Q) =i dy ———— = —\/j—w(z) (4) ergy spread and consequently the frequency spread
_ Q—pw —iv 2 po
J‘:O as well.
. [T OY(w)/Ow 1.
iWJ(Q) =i [ dw o F(Z —Vmzw(2)) e The effect of cooling is most pronounced at low har-
- monics as can be seen from the definition of the fit-
with paramete = v/po.
Q= pwy —iv
= V2po () e A large capacitive impedancé&/(> 1 below transi-

] ) o . tion) causes the Schottky spectrum to exhibt double
Having calculated the dispersion integrals in closed form peaks as can be seen in Fig. 1.

allows us to directly fit eq. 1 to data and extract physical
parameters such as frequency spread the dampingrate e Adding a resistive impedancé’(< 0 below transi-
v from measured schottky spectra. We propose to use the tion) causes the low frequency peak to be higher at the

following fitting function expense of the high frequency peak.
P©) = A—I—Be_mz_cg) (©) e Adding damping, e.g. due to electron cooling, will

S cause to smooth out the effect of the impedance and

_ /T
1 \/;Ew(z) 10Obviously the same type of parametrisation can also be done for beam
1— (F+iG) (i — /rzw(z)) — /ST Ew(z) transfer functions.
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Figure 3: Fitting a longitudinal Schottky spectrum with
A=0B=1C = 1000,D = 3105 F = 0,F =
—0.1,G = 1. In the left graph all seven parameters are fit-
ted which results in a rather poor fit and in the right graph
the center frequenck is fixed at3 106.
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Figure 1:The effect of a finite capacitive impedance on thg, the evaluation of eq. 6 we use a Ragpproximation
longitudinal Schottky spectrum. w(—iz) = P(2)/Q(z) for which the coefficients of the
polynomial P, ) (of order 10 and 11) are all real [5].

The left graph in Fig. 3 shows the result from fitting

0 %;gmo all seven parameters simultaneously. Clearly the result is
E_;gEe rather poor. In the right graph we fit the same data but fix-
08 —G=2 ing the central frequency to its correct valile = 3 10°

and then fit the remaining six parameters which results in
much more accurate results. In practice the central fre-
quency is always known before-hand, because it is a har-
monic of the revolution frequency. We presume that the
inaccuracy shown in fitting all parameters simultaneously
is caused by a correlation between finding the resistive part
of the impedancé” which causes the asymmetry and the
PO R I central frequency.
ooy e Finally we analyze Schottky spectra from 2 mA cooled
436 MeV deuterons stored in CELSIUS [6], observed at the
Figure 2:The effect of damping or cooling on the longitudi-32nd revolution harmonic. From the fit shown in Fig. 4 we
nal Schottky spectrum in the presence of a finite capacitivRduce a frequency spread of about 1.2 kHz which trans-
impedance@ = 2). Note that the damping counter-acts|ates to a momentum spread % 10-5. From the fit pa-
the collective effects. rametersF’ and G we deduce an impedance &f/p =
(0.2 — 2.3i) k2 which is consistent with earlier measure-
will make the spectrum more similar to an unper_ments. The fitted damping coefficielt however is much

turbed gaussian with a narrow valley in the centef® large and would imply a damping time on the order
This is illustrated in Fig. 2. of ms which is orders of magnitude smaller than expected.
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After having discussed the qualitative features of longitu-
dinal Schottky spectra we will discuss the feasability of fit-

ting measured spectra to eq. 6. 10 ?A:0.0SZ : =
o O R :
3 FITTING SCHOTTKY SPECTRA oo [0S . 3 =
In order to test the feasability of determining the seven . ,¢ 1
parametersd, B, ..., G from directly fitting eq. 6 to data 06 — ' -]
we generate a longitudinal Schottky spectrum with= r ]
0,B=1,C =1000,D = 310%, E = 0, F = —0.1, and 04 [~ -
G = 1. We then fit eq. 6 to the data by minimizing the cost r ]
function 02 ]
=) (y—P(%AB,....G)° (8) o L ]

data 68.57 68.575 68.58 68.585 68.59

FREQUENCY [MHZ]

with respect to the parametess B, ..., G. For the min- _
imization a Nelder-Mead Simplex minimizer is used [4]. Figure 4:Schottky spectrum from 436 MeV deuterons.
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Qualitatively, however, the deep narrow valley in spectrurwith z given by eq. 5 in the main text. The integral ap-
indicates strong damping.This is currently an unresolvegearing in eq. ? is a representation of the complex error
problem, which may e.g. be due to a non-gaussian beamfoinctionw(z) [3]
finite reolution bandwidth of the spectrum analyzer. 9 [too o
w(z) = — / dp e P +2iBz (13)
VT Jo

) ) )  Inserting in eq. ? we finally get the second half the first of
The author wishes to thank D. Reistad, TSL for fruitful disq, 4,

cussions.
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A EVALUATION OF I() ip O oo

In this appendix we will evaluate the first the dispersiofvhich leaves a gaussian integral oder that can be easily
integrals given by eq. 4. If the damping ratés positive evaluated. After performing the differentiation with respect

we can represent the denominator by to a we arrive at
Jroo P . .
o e o Q=i [ daaem e rmem - q7)
o= Z/O ae (9) | 0 o
o _ . which upon substituting = apas/+/2 transforms to
wherev > 0 impliesImz < 0 which makes the integral oo
convergent. In the limifmaz — 0 we revover the well iJ(Q) = 2 dB Ge=B’+2i=8 (18)
known principal value relation po? Jo
1 with z defined in eq. ?. Thg linear in the integral can be
lim JTic = PP; —imd(y) - (10) treated again by parametric differentiation with the result
. 1 0 [t~ _ A p
This trick we use to turn the denominator of eg. 4 intoan J(Q2) = —2—/ dp e~ +2i0 = LQw’(z)
; : iy . po? 0z J, 2po
exponential. Exchanging the order if integration, perform- (19)

ing the gaussian integral over and introducing auxiliary \yhere we use the integral representation of the error func-
variablest = w/o andzg = wo/o we arrive at tion given in eq. 2. Note that’(z) is the derivative of the

400 b o , complex error function which can be evaluated [3] as
I(Q) = — da e~ P o [2mia(@-pwo—iv) — (17) / 9%
0 =—-2 . 20
w() = 2= = 220(2) (20)

Substituting? = apo/+/2 we obtain Thus it suffices to know the complex error functiorzdh

order to calculate its derivative. Utilizing this we arrive at

. \/§ oo 8240
il(Q) = o g e 20 (12)  the expression stated in the main part of the text.
0
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