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Abstract Then, the asymptotic form for thigcalarpotential as k
-0 (L — 00) iS,

Various helical coils such as helical dipole magnetsimy _ o[n,in (r, 8, )] =W2q,in (r, 0) (4)

multifilamentary superconductorsand superconducting w

strands havesomething in common with théelical ~ Y2d,in (r,6) =Hol Zl(i)"sin(n(e-q))) (5)

structure. In this paper, we discuss thealytical w 2n = a

expression for the magnetitield of a single helical =Hol 1 (H"(-an cos(nB) + by sin (n6))

current conductor. In addition, the comparidmiween 21 A=

the analytical and numerical calculations is made. . o ]
where yi2d,in(r,8) is the interiorscalarpotential of 2D

1 INTRODUCTION non-spiral coil. From this scalar potential, the interior (r

The magnetic field of helical coils hieen examined by < &) magnetic field of helical coil is,
several authors. [1,2,3,4,5,6] In this paper, the multipole

expansion for a single helicalirrent conductor islerived B.(r,0,2) = _7h - Llo | in{ 2 J”k I(n k 1) x
as the extension of theasefor a single straighturrent k
conductor. [7] Then, the comparisobetween the {-an(K) cos( o - k z)) + (k) sin(n® - k 2))}

analytical and numerical calculationsrisadefor a single P | n(nkr
helical current conductor. [6] The Cesaro's method ¢f Be(r.6.2) = %aq;h = uo n{n kJ In(n k) . ) x
summation is applied for this multipole expansion. "

{an(k) sin(n® - k z)) + In(K) cos( 6 - k 2))}
2 MULTIPOLE EXPANSION FOR A SINGLE _ 6lth — uol < { 2 "

HELICAL CURRENT CONDUCTOR BAr62) = o R e ek >
3-Qim(a_nsional (3D) !_aplace‘s equation iwircular {an(K) sin(n® - k z)) + In(K) cos( 16 - k 2))} + Mol
cylindrical coordinates is as follows, 21

-- - (6)

2 2 2
DZLIJ _0%W 10y L 1 0%Y L 0%y _ 0 0 ;)nI thle otlher handd f?r tktlﬁ (;zxitlerlecal?r potfentlal> of

o2 Tor 12982 oF elical coil, we can define the following form for r > a,
Since the winding iperiodic in zwith a pitch length L, ¢, (r,0,2) = UO' (n-1) { J | In(n k @) Kn(n K 1) x
the general solution is, [8] = nk n(n k a)

. {-an(K) cos( 18-k 2)) + bn(K) sin( @~k 2))} - Ho ! 0
dn (r, 8, 2) = Z(dn In(nkr) + ch Kn(nkr)) on ---(7)

(do cos n{en:kz)) + by sin( MO - kz))} + (2) Then, the exterior (r > a) magnetic field of helical coil is,
(€Inr+f)x(g"6+Hh kz+1i)
Bi(roz) =M ! § nl{ kJ k M Ka) iy x
n

where k = 271, and h(nkr) and Ky(nkr) are the modified 21 A= Kn(n k a)
Besselfunctions of the firsiand seconcind of order n, {-an(l) cos( o -k 2) + (k) sin(r® - k 2)))
respectively. For the intericscalarpotential of helical Bo(r,0,2) =- Mol Zl n!{ a]f‘lq(n ka) Kn(nkr)
coil, we can define the following form for r < a, 21 = nka Kynka) '

{an(k) sin (1@ - k 2)) + bu(k) cos( 16 - k 2))} + “Lll

Wnin (1, 6, 2) = “Zn rZ(n 1){ kjnln(nkr)x

| BAr,0,2) =- “O'Z(kn{ kJ I“(nka)K(nkr)x
(e cos{ 18 -k 2) + tu(K) sin( (6 - k2)} - “?Ln kz {&n(k) sin(n(6 - k 2)) +rl])n(k) Cog((nﬂga)k 2)))

@) - ®
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On the situation that theurrentsare confined tolie on
the surface of a circular cylinder of radius te surface _Hol 2 e . .
currents will give rise to a discontinuity of the Bi(r.8.2) T k an; n K(n k@) h(n k) x
components B Bg, at theinterface of radius abut the sin(r(e o - kz))

radial component Bwill pass continuously througthis

po I (n Kr)
interface. The values of€), bn(k) can be determined for Bo(r.8.2) = ka Z n K“(n ka)==—

15
the current element. Applying Ampere's law foclesed cos( 0 -6 -kz) 15)
path on z=constant plane enclosing the current element jat ol 2 o ,
radius a, we can obtain the following equation, B4(r8,2) =- T K anzl N Ka(n k @) h(n kr)x
. ol
(Be.out - Bo,in) l=a = Ho jz Aa ) cos(n6-¢ -kz)+ “2? k
Then, thecoefficients an(k)and bn(k) are obtainedwith  Then, the transverse field magnitude at axis of the helical
the Wronskian relation, [9] as follows, winding B(r=08,z=0) is obtained as follows,
/ an(k) = -2 (ke k&) k & Kiy(n k a)da | j sin B do By(r=08,2=0)
U 1)' ! :“%I(kaKo(k a) + Ky(k @) x
br(k) = -2 nka' i & Kynka)da| pcos®de [k ¢ -0 - k o)
\ n(K) o 1)1 G a) n( ) i {2 {cos(20 - §) - cos} + ) cos(20 ¢)l (16)
---(10) = UZL' k (k a Ko(k @) + Ku(k a)) cosp
T

For a helical line currents : current +kadius a,angle,

the coefficients @a(k), bn(k) can be calculated. The This result coincides with that obtained with the Biot and
following relation betweenthe current and the current Savart's Law. [10] ~Similarly, thexpression for the
density is used with the real cross section S of the exterior (r > a) magnetic field of a single helicahductor
conductorand the cross section 7S (=S/sir) of the is obtained. The above expression for the magfietit

conductor on the z=constant plana. is the pitch of the of _hel|cal coil is _the function of andQ - kz, and is
winding so that the relationshipsetween the above- helically symmetric. However, the helical symmetry of

mentioned kanda are k =1/(a tana). Then, we can Fh? coﬂlstrtu;:tutrhe dtoes ?Ot de{p;nithftsbela:rpct)tentlal
obtain the following expression, is invariant to the transformatidh- kz = constant.

3 COMPARISON BETWEEN THE ANALYTICAL

j2=] sina =ésin a ='§ (11) ~ AND NUMERICAL CALCULATIONS FOR A
SINGLE HELICAL CURRENT CONDUCTOR
an(Kk) = (n k a) (k & Kna(n k @)+ Kn(n k @) sin & The sum} to a finite order ofthe above expressions of
(n 1)I the interiorand exterior magnetic fields daot approach

- nk ka nka)+ Kenka) cosp the same value at r=a, ahown in Fig.1.  This
\l 9= (n 1) o2 a) (i Ko A ) " discontinuity of the magnetic field at r=a can dercome

- - - (12yvith application of the Cesaro's method of summation, as
When n is fixed and k- 0, the limiting formsfor small shown in Fig.2. [11] As a result, the interior (r < a)
arguments of thenodified Bessefunction of thesecond magneticfield of a single helicalconductor with the
kind of order n, kg(nkr) are as follows, [9] current +l, located atadius aandangle¢ is expressed as
follows,

Kotk @)=-1n (k @)

m=i n=

13 . ,
|Kn(n k @)= —%I’(n) (%)”, >l 3 8oz =“%' K2 aﬁ 5 { n Kn(n k a) h(n k r) x
nKa m=
sm(r(G -k 2))}
m= =m
Then, Bo(r,0,2) :“%' aﬁ Z n Ka(n k a)"( k1 “(” K1) «
. . m= n
{“mkﬂO([aw (k)%=a,=smn1) (14) cos( 16 - ¢ -k 2))}
limg_o|bn (k)| =by=cos n=m
BAr,8,2) = - “0' K2 aN Z{Zl N Kn(n k a) h(n k 1) x
As a result, the interior magnefield of a single helical ML= JHol
conductor with the current +I, located at radius a and angl: COS( e-¢-k2)}+

¢ is forr < a, ZT[ ---(17)
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For a single helicatonductorwith current | =100 A,
radius a =0.33 mm,angle¢ = 30°andpitch length L =
9.51 mm, thecomparison between the analytical and
numerical calculations wasade. Since anagreement
was confirmed betweenthe analytical and numerical
calculations, thdield was calculatedfor the wholespace
except for the singular poirdccupied by aingle helical
conductor, as shown in Fig.3.

4 CONCLUSION

An analytical expression for the magnetic field of a single
helical coil is obtained. This expression will be useful to
estimate the variouglectromagnetic characteristics of
helical coils.

5 ACKNOWLEDGMENTS

The authorsare indebtedfor helpful discussions and
comments to the RIKEN RHIC spin accelerator group and
Prof. T. Watanabeand Prof. J. Todoroki of National
Institute for Fusion Science, Japan.

REFERENCES

[1] J. P. Blewettand R.Chasman, "Orbitandfields in
the helical wiggler", J. Appl. Phys. 48 pp.2692-2698
(1977).

[2] S. Caspi, "Magnetic Field Components in a
Sinusoidally Varying Helical Wiggler", SC-MAG-
464, LBL-35928, (1994).

[3] G. H. Morgan, "Computation of the Harmonics in a
Helically Wound Multipole Magnet",
AGS/RHIC/SN No.9, April 26, (1995).

[4] Kenro Miyamoto, "Plasma Physics foNuclear
Fusion", Revised ed.The MIT Press, pp.29-33
(1989).

[5] T. Tominaka, "Magnetic Field Calculation éfelical
Dipole Coils", AGS/RHIC/SN No.24, April 29,
(1996).

[6] T. Tominaka, "Multipole Expansion for a Single
Helical Current Conductor’AGS/RHIC/SN No.49,
December 18, (1996).

[71 K. -H. Mess, P. Schmiserand S. WIff,
"Superconducting Accelerator Mgnets”, Verld
Scientific, p.44-53 (1996).

[8] H.Margenau and G. M. Murphy, "The Mathematics
of Physics and Chemistry", Van Nostrand (1943).

[9] M. Abramowitzand I. A. Stegun(eds.), "Handbook
of Mathematical Functions", Dover, pp.374-376
(1970).

[10]William R. Smythe, "Static and Dynamic
Electricity", McGraw-Hill, pp.296-297 (1968),
(RevisedPrinting (1989) byHemispherePublishing
Corporation).

[11]E. T. Whittakerand G. N. Vétson, "A Course of
Modern Analysis", 4th ed. Cambridge University
Press, p.155 (1927).

which is consistent with the numerical calculation with
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Fig. 1. Contour plot of Bat z=0 analytically
calculated with Eq.(15) to n=20.
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Fig. 2. Contour plot of Bat z=0 analytically
calculated with Eq.(17) to N=20.
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Fig. 3. 3D plot of the analytically calculated Bt z=0,

Biot-Savart Law.



