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Abstract

A transverse force acting on particles of a short bunch co-
herently radiated in free space is derived.

1 INTRODUCTION

In this paper, we derive the transverse radiation force of
a bunch of ultrarelativistic charged particles coherently ra-
diating in free space assuming that the bending radius is
much larger than the beam dimensions. In contrast to a sim-
ilar recent study [1], where the authors decompose the total
transverse force and find only a part that is responsible for
the distortion of the beam orbit, we derive a full expression
for the force and leave the issues of the beam dynamics for
a separate consideration. Another approach to the calcula-
tion of the transverse force has been previously developed
in [2].

In many cases considered in this paper, the calculations
are extremely cumbersome; they were systematically per-
formed with the use of symbolic engine of the computer
program MATHEMATICA [3].

2 POTENTIALS AND FIELDS

Our approach is based on Taylor expansion of the electro-
static potentialϕ and the vector potentialA in the vicinity
of the particle. For a moving point charge, the potentials
are given by the Lienard-Wiechert formula [4]

ϕ (r, t) =
e

(R− βretR)
, A (r, t) =

eβret

(R− βretR)
, (1)

wherer andt refer to the observation point and time, re-
spectively,e is the particle charge,βret is the ratiov/c eval-
uated at the retarded timetret, andR = r− rret, where
rret gives the location of the particle at the retarded time.
The retarded time is determined by the equationR =
c (t− tret). The particle is considered to be extremely rel-
ativistic, so that the parameterδ ≡ γ−2 = 1 − β2 � 1.

We assume that the particle moves along a circular orbit
of radiusρ, as shown in Fig. 1. The vectorrp refers to the
position of the particle at timet. We introduce the angleα
between the vectorsrret andrp, and the angleψ between
the vectorrp and the projection of the vectorr onto the
plane of motion. The causality principle requires thatα >
0, i.e. the radiation observed att is emitted by the particle
prior to the observation time.

In a polar coordinate system(r, θ, y) with the origin
located at the center of the orbit, the radius-vectorr of the
observation point is represented byr = (ρ+ x, θp + ψ, y),
whereθp = cβt/ρ is the angle corresponding to the posi-
tion of the particle at timet. In this coordinate system, the

equationR2 = c2 (t− tret)
2 which determines the angle

α can be written as

α2

β2
= 1+

(
1 +

x

ρ

)2

+
y2

ρ2
−2

(
1 +

x

ρ

)
cos (ψ + α) . (2)

In terms ofα, ψ andx, the denominator in Eq. (1) is

R− βretR = ρ
α

β
− β (ρ+ x) sin (ψ + α) , (3)

and the polar components of the vector potential are

Ar =
eβ sin (α+ ψ)
R− βretR

, Aθ =
eβ cos (α+ ψ)
R− βretR

. (4)

We expand the potentials in the Taylor series assuming

Figure 1: Particle trajectory and coordinate system.

thatψ � 1 andx, y � ρ. In order to perform Taylor
expansions, we need to solve Eq. (2) forα and substitute
the solution into Eqs. (3), (1) and (4). For given potentials,
the electric field can be found by differentiatingϕ andA:

E = −∇ϕ− 1
c

∂A
∂t

= −∇ϕ+
β

ρ

∂A
∂ψ

, H = R× E
R
. (5)

After finding E and H, we calculate the Lorentz force
F acting on a test particle located at pointr such that
|r − rp| � ρ, and moving with the velocityv = cβ
along the circle in the same direction as the driving parti-
cle,β = (0, β, 0). Integration of this force with a Gaussian
distribution function gives an expression for the radiation
force acting on a Gaussian bunch due to the emission of
the radiation in free space.

3 DERIVATION OF TRANSVERSE FORCE FOR A
POINT CHARGE

For the sake of simplicity, we assume that the test particle
trajectory lies in the planey = 0. In addition, we also
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neglect the difference between the particle velocity and the
speed of light and setδ = 0.

In order to keep track of relative orders of different vari-
ables, it is convenient to assign to each variable a formal
small parameterε which will be set to unity in the final
result. We choose ordering such thatα ∼ ε, ψ ∼ ε3,
x/ρ ∼ ε2, whereε is a small formal parameter. Expanding
Eq. (2) and keeping terms up to fourth order ofε, yields a
quartic equation forα,

−α
4

12
+ 2αψ + α2x

ρ
+

(
x

ρ

)2

= 0. (6)

The real positive solutionα to this equation as a function of
ψ andx can be written in terms of a parametric dependence,

α =
√
qf

(
x

ρq

)
, ψ = q3/2g

(
x

ρq

)
, (7)

whereq is a positive parameter varying from 0 to∞, and
the functionsf (ξ) andg (ξ) are

f (ξ) = ±1 +
(
−1 + 6ξ + 2

√
1 − 6ξ + 12ξ2

)1/2

,

g (ξ) = ±1
3

√
1 − 6ξ + 12ξ2. (8)

The upper and lower signs in Eq. (8) correspond to the
positive and negative values ofψ respectively. From Eq.
(7) it follows that the productα |ρ/x|1/2 depends on the
variableψ |ρ/x|3/2 only. In the limitψ � (x/ρ)3/2, ap-
proximatelyα ≈ 2(3ψ)1/3. For large negative values ofψ,
|ψ| � (x/ρ)3/2, we findα ≈ −x2

/
2ψρ2. However, as

a detailed analysis shows, the applicability of Eqs. (7) for
negativeψ is limited by the condition|x| � |ψ|. Larger
absolute values of (negative)ψ are considered below.

An important feature of our solution which follows from
Eqs. (7) and (8) is that for each positive value ofx the
derivative of the function∂α/∂ψ becomes infinite at some
pointψ = ψ0. A simple calculation yields forψ0,

ψ0 = −1
3

(
2
x

ρ

)3/2

, α (ψ0, x) =
√

2x. (9)

Whenx varies from 0 to∞, the first of the equations (9)
determines a curve in the(x, ψ) plane which we will call
a singular line, because both potentials and the fields will
have a singularity here. It is important to emphasize that
the singularity occurs only because we assumeδ = 0; for
finite, though smallδ, the fields would be limited every-
where as soon asx 6= 0. Note also that the parameterq on
the singular line equals2x.

The origin of the singular line can be understood from
the following geometrical consideration. If we draw wave-
fronts of the radiation emitted at different times by a par-
ticle moving with the speed of light around a circle, they
will form a pattern shown schematically in Fig. 2. The
wavefronts are condensed on the outer side of the circle
forming a caustic which, as one can show, coincides with

Figure 2: Formation of a singular line (dashed curve) due
to radiation of ultrarelativistic particle moving around a cir-
cle. The circles show wavefronts emitted by the particle at
different times.

the singular line found above and shown in Fig. 2 by the
dashed curve. The superposition of multiple wavefronts on
the caustic in the limitv = c gives rise to the infinitely large
fields on the singular line.

Expanding Eqs. (3) and (1) we find for the potentialϕ

ϕ =
e

ρ

(
α3

6
− ψ − α

x

ρ

)−1

, (10)

and for the components of the vector potential

Ar =
e

ρ
α

(
α3

6
− ψ − α

x

ρ

)−1

,

Aθ =
e

ρ

(
1 − α2

2

)(
α3

6
− ψ − α

x

ρ

)−1

. (11)

The longitudinal electric field can be calculated using the
formula

Eθ =
1
ρ

∂Aθ

∂ψ
− 1

(ρ+ x)
∂ϕ

∂ψ
≈ x

ρ2

∂ϕ

∂ψ
− 1
ρ

∂ (ϕ−Aθ)
∂ψ

,

(12)
and for the transverse electric field we have

Er = −∂ϕ
∂x

+
1
ρ

∂Ar

∂ψ
. (13)

For the radial component of the transverse force we have

Fr = Er + (β ×H)r

= Er

(
1 − β cos

(
α+ ψ

2

))
+

1
2
Eθ sin

(
α+ ψ

2

)

≈ 1
8

(
α+

2x
ρα

)2

Er +
1
2

(
α+

2x
ρα

)
Eθ. (14)

After some algebraFr can be written as

Fr =
e

ρ2
|ρ/x|3/2G

(
ψ |x/ρ|3/2

)
, (15)
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Figure 3: FunctionG (ξ) for positive (a) and negative (b)
values ofx. For positivex, this function has a singularity
at ξ = −23/2/3 = −0.94.

where the functionG is different for positive and negative
x. Plots of the functionG (ξ) are shown in Fig. 3. It is
easy to check that the denominator in Eqs. (10) and (11)
vanishes on the singular line and causes the potentials to di-
verge. Expansions ofϕ andA for small values of|ψ − ψ0|
give the following singularity forFr in the vicinity of the
singular line:

Fr ≈ e

ρ2

21/6x1/2

34/3 (ψ − ψ0)
4/3

. (16)

To find the fields behind the particle (ψ < 0) we use the
following ordering:α ∼ ψ ∼ x ∼ ε. Expansion of Eq. (2)
up to the second order yields2αψ + ψ2 + x2 = 0 with the

solutionα = −
[
ψ2 + (x/ρ)2

]
/(2ψ). This solution leads

to the following expressions for the potentials:

ϕ = − e

ρψ
, Ar = − e

ρψ

(
ψ

2
− x2

2ψρ2

)
,

Aθ = − e

ρψ

(
1 − ψ2

8
+

x2

4ρ2
− x4

8ψ2ρ4

)
, (17)

and for the longitudinal and radial electric fields

Eθ =
e

ρ2

(
x

ρ2ψ2
+

1
8

)
, Er = − e

2ρ2ψ

(
1 − x2

ψ2ρ2

)
.

(18)
For the transverse force we find

Fr = − e

ρ2

x2
(
x2 + 3ρ2ψ2

)
ψ (x2 + ρ2ψ2)2

. (19)

Examination of Eqs. (18) and (19) reveals that the electric
field and the forceFr tend to infinity whenψ → 0. These
equations, however, are only valid if|ψ| � (|x|/ρ)3/2; in
the opposite limit Eq. (15) should be used.

Note also that immediately behind the particle on the or-
bit (x = 0) the longitudinal electric field is equal toe

/
8ρ2.

We now want to calculate the transverse forcefr act-
ing on a particle of unit charge in a bunch with a two-
dimensional distribution functiong (x, s) normalized so
that

∫
g (x, s)dxds = 1. Here we use the longitudinal co-

ordinates related toψ by s = ρψ. By definition,

fr (x′, s′) = N

∞∫
−∞

dxdsg (x′ − x, s′ − ρψ)Fr (x, ψ)

(20)

The integration in Eq. (20) is not a simple task for two
reasons. First,Fr has a peak in the region of smallψ,
|ψ| ∼ (|x|/ρ)3/2, and one needs to accurately evaluate the
contribution from this peak. Second, for positivex, the in-
tegrand exhibits a singularity (see Eq. (16)) which should
be handled with caution. Tracing the origin of this singular-
ity shows that it arises from the differentiation of the poten-
tials which have an integrable singularity∼ |ψ − ψ0|−1/3.
This prompts the technique that allows to evaluate the inte-
gral: representingFr in terms of potentials and performing
integration by parts overs. The resulting integral converges
atψ = ψ0 and can be found with the help of numerical in-
tegration. This program is accomplished in Ref. [5]. To
simplify the analysis we assume that the bunch lengthσs is
such that

σs � σx (21)

The result of the integration in Eq. (20) is

fr (x′, s′) = −N e

ρ


2

∞∫
−∞

dxg (x′ − x, s′) ln
(

1.1
|x|
ρ

)

+
1
3

∞∫
−∞

dx

∞∫
0

ds
∂g (x′ − x, s′ − s)

∂s
ln

(
s

ρ

)
 . (22)

Note that for a two-dimensional Gaussian distribution,

g (x, s) =
1

2πσxσs
exp

(
− x2

2σ2
x

− s2

2σ2
s

)
, (23)

the second term in Eq. (22) reduces to a product of two one-
dimensional integrals, and the force will be represented as
a product of two functions one of which depends ons and
the other depends onx only.

For illustration, we assume thatσx/σs = 0.1 and
σs

/
ρ = 10−4, and calculate the force on the beam trajec-

tory x′ = 0. It turns out that, in this case, the first term in
Eq. (22) dominates andfr (0, s) can be well approximated
by a Gaussian:

fr (x, s) = 8.4
Ne

ρσs
exp

(
− s2

2σ2
s

)
. (24)
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