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Abstract wherewg is the betatron frequency; is the machine ra-

. . L . ius. The average beam currentlis= Newy /27, where
Taking the first orthogonal polynomials in the conventlona?v is the number of particles, and, is the revolution

radial mode expansion in the eigenvalue type perturbatic*pequenCy AlsoZr(n) is the transverse impedance, and
approach, the usual Keil-Schnell criteria for the microwav (n) is.the spectrum of the first orthogonal poI'yno—

instabilities can be obtained. In this way, a close relation-%:! .
n}l_al for m = 0, wheren represents the effective spec-

ship between the two approaches is established. The eX'?um line,  represents the radial position. The nota-

ing results are reviewed, and some comments and modifi- "~ d he ch ic eff Th val
cations are made. |o<r>10n enotes 2t e /c romatltozce ect. ! e2equq ence
Zn:—oo ZT(n)AO,l(n) = Zn:—oc ZT(n )AO,I(n) IS
used in this article, where” denotes the frequency shift
1 INTRODUCTION equals?’ but in the opposite direction.

A brief review of beam instability analyses shows that its Consider the normalized Gaussian distribution in phase

development either belongs to a Vlasov-equation-evolv&?ace' 9 Y

perturbation approach, or belongs to a Keil-Schnell- Po(r) = —Qe*” /me (2)
criterion type approach. In the first approach, see [1] and Ty

the references therein, both azimuthal and radial expaWherere is the half bunch length in radius. The transverse
sions are used to explore the particle distribution evolyveight function is defined a8/r(r) = ¢o(r).

tions. Current direction is to include the potential well de- N the following, the instability threshold will be ob-
formation, see for example [2], and to include the effect of@ined by the rule of thumb, whichis,

Landau damping, see for example [3]. The development IAQ| < Aw 3)

is unlikely to give rise to analytical solutions that can be

easily used. On the other hand, the second approach u¥éiereAQ is the coherent frequency shift, ardo is the
crude beam profile (with an exception for the longitudifms or the half width of half maximum frequency spread.
nal coasting beams) to estimate the instability threshold for

both bunched and coasting beams. General results candé Bunched Beam

found in [4] and the references therein. These results hayg estimate of the bunched beam instability threshold can
been proved very useful and often provide guidance to thge obtained using2 , (') ~ 1/2 in (1),

development and improvement of accelerators. The crude ’
beam profile, however, has certainly imposed limitations in
the application.

In this report, we show that the use of the first orthogonal
polynomials in the perturbation approach can give rise the criterion givenin the equation (5.62) of [4] can be writ-
identical results obtained by the Keil-Schnell type criteriat€n as,
This is owing to the fact that, in general, the first orthogonal
polynomial represents the most prominent radial mode. In
this way, a close relationship between the two approaches | 9 )
is established. Therefore, comments will be made regarSin97o = €*/moc”, To = 27 /wo, wo = ¢/ R, the equa-
ing to the limitation and possible error in the applicationdion (5) becomes identical to (4).
of the simplified criteria. Some modifications will then be. 7072 long bunch with a narrow spectrum, the error of us-
developed, if necessary. ing (4) can be large, mainly owing to the use{‘cﬁ(l(n’) ~
1/2m, the peak of the power spectrum. Also the chromatic
effect can introduce uncertainties.

For an improved estimate, therefore, we need to use,

Using the first orthogonal polynomial for the azimuthal 1 22
[ 4

modem = 0, setting3 ~ 1, the bunched beam dynamic Agq(n) = Nor (6)
equation becomes,
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2 TRANSVERSE INSTABILITY

Substituting (6) into (1), and considering the chromatic ef-
0 fect, we get,
Yo Zr(mAg,(n) (@)

e 2 2 41 Rmgyw
=—00 Z ZT(n//)efn r; /4 < 107 ﬁAw (7)
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e A criterion is given in [5], which can be written as,  then the instability threshold can be estimated as,

- 2wsvEozr 47 Rmoyw
Zp(n')| < ZLLZ07L A 8 HAO%s
|Zr(n")| T, A (8) Zr(m)| < —— A (15)

wherez/, is the full bunch length, andr(n") isthe  The criterion given in the equation (5.91) of [4] is,
averaged impedance over the width of the bunch spec-

i [ i 2wayTE
trum. The summation on the right side of (1) can be | Zr(n)| < WBYLG A, (16)
approximately taken as, Nrye

e , _ 2R which is identical to the equation (15).
D Zr(mAG, () = Zr(n")—~  (9)

n=—oo ZL e The equation (4) in [5] can be written,
Substituting (9), usingng = Ey/c?, the equation (1) 8F Eyywg
becomes |Zr(n)| < TR Aw 17
|Zr(n")| < %EIOZLAW (10) which can be written as,
0

F
< 8FRmyywg Aw

Which differs from (7) by a factor of 0.5. | Z1r(n)] (18)

6]0
¢ A better formalism is presented in the equation (18) in
[6]. With m = 0, it can be written as,

Zzo:_oc Zr(n)ho(n') ng'ymozLA 11
S o) |~ el ow (@D 3 LONGITUDINAL INSTABILITY

n=-—oo

Taking F' = 1, this equation differs from (15), which
is less tight, by a factor df.64.

Using the first orthogonal polynomial, for the = 1 mode,

The left side is called theffective impedancevhere ¢ |ongitudinal beam dynamic equation in [1] becomes,
ho(n') is the power spectrum of the bunch. If only the

first orthogonal polynomial is used, we hdugn') = j2rwsly

Ag 1 (n’). The redundancy in the equation (11) involv- w—Wws = V cos bs Z
ing the effective impedance is shown as the follows. n=-00
Usingr, = z1,/2R, we can write,

ZL(n)

Afi(n)  (19)

wherewg is the synchrotron frequency, aggd is the syn-

oo 00 . 9R chronous phaseV is the RF gap voltage per ring, and
Z ho(n) = 2/ e Ay Z1(n)/n is the longitudinal impedance. For a Gaussian
W o 2m VTZL distribution with the half bunch lengtiy, the longitudinal

(12)  weight function is,
Applying this equation into (11), the bunch length

is cancelled. Since the information of the bunch length Wi (r) = _O(n)1 8 oy (20)
has been represented by the bunch spectigm’) in or r 7}

the numerator of the effective impedance, this triple

representation of the bunch length can be seen as @1 Bunched Beam

dundancy. In comparison, the use of the total effectivg,sing the equations (19) and the approximation,
impedance shown in the left side of (7) seems to be

more straightforward. Substituting (12) into (11), we L1 (n) ~ n (21)

get, NG
the bunched beam instability threshold is written as,

o0
Z ZT(n//)ef'n?rg/él < 8\/7_TRmO’YCUﬁ Aw

6[0 o]

Z nZr(n)

n=—oo

n—=—oo

2V |cos ¢5|Aw

<
wsly

(13) (22)

This differs from (7) by a factor of.13.

whereAw is the synchrotron frequency spread. The corre-
sponding equation (5.69) in [4] is,

For a coasting beam, the power spectrum of the perturba-
tion is a delta function at a frequengy with an amplitude
1/27. The equation (1), therefore, is modified as,

2.2 Coasting Beam

2wgy(2TR)?
Nro|n|c2wo

Z nZr(n)| <

n=—oo

Aw (23)

[e%s) ‘

iel oo ) o . . . .
Jedo Z Zr(n) (n27rn1) (14) Using w? = —wlenV cos g /27 E, the equation (23) is

w—wg ="
P 2Rmoywg | shown to be the same as (22).

=—00
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This criterion is indeed very crude, owing to that inwe find that the equation (29) is equivalent{o= 2. For
arriving (21), the approximation of the Bessel functiorthis case, the beam power spectrum is still a delta function,
Ji(nr) =~ nr/2is used, which is only valid in a small range but the amplitude is no longer constant. Since the ampli-

nr < 1. tude of a delta function equals the area of the function, i.e.
An improvement to this criterion, therefore, can be mad®_"" ___ A7 | (n), removing the impedancgy (n)/n out
by using, of the summation on the right side of (19), we get,
n 2,2
A = "e/® 24
1.1(n) NG (24) ‘ZL(n) Ery Aw)? (31)
Substituting (24) into (19), we get, n 2v/2¢|n|wi Iy
o 2 Substituting, = 2, the equation (31) becomes,
Z nZ(n)e i/ < 72‘/50; sl Aw  (25) g a (1)
Ne——o00 S40
‘ZL(n) 5.662EI (Awy? 32)
e The result in the equation (5) in [7] can be written, for n elnlwolo

m = 1 and the harmonic numbér= 1, as,

‘ Yo oo (Zr(n)/n) hi(n)
Do —oo ha(n)
(26)

whereh; (n) ~ A% ;(n) is the power spectrum of the

bunch, andB = r,/7 is the bunching factor. Note \yhere the tri-elliptical spectrum is used. This equation can
that we have, be written the same as (32), except that the fa&166 be-

The Keil-Schnell criterion shown in the equation (5.131)
6B3V |cos ¢g| in [4] can read,
Aw
wslg

ZL(’I’L)

< 0.68vT¢
2w Nro|n|

(Aw)? (33)

o0 o 2 ) 1 comesi.27.
Z hl(n) = 2/ —e " ”'/4dn ~ ﬁ
n=—o00 o dm m/eB e The equation (1) in [5] can be written,
(27)
Substituting (27) into (26), using (24), we get, Zr(n) - FyEg|n| % 2 -
e 1.37V |cos s " o \p
A —n’ri/a| o 200V [COSPS] o _ o .

n;mn r(n)e < wsly n where the form factoF’ is a unity. SinceAp/p is the

(28) full momentum spread at half height, usidg /p =

which differs from (25) by a factor of 0.69. Again 2(Ap/p)rms, the equation (34) is the same as (32),
we consider that the use of the equation (25) is  €Xxceptthat the factdr.66 becomest.

more straightforward than (26) with the effective
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1 Aw (Ap) _ wsTy
| wo P Jms  2IMwo
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