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Summary 

The rmittance indrrced hy spa.ce charge in a drift.ing beam 
of finite 1engl.h has been investigated, and a scaling law, 
IQ. (G), has been obta.hed from silnl)le consitlerat~iolls of t.he dif- 
fcrent rates of expan4on of diifereut port.icms of tllr I,eanl. ‘I’lle 
scaling law predicts t llr initial rate of emit.tancr growth, before 
tlie I>ealu slmpe leas dist.ort.ed significantly, autl lllrls rq)rcsellts 
an upper lmund on tllc rate of elnil tatlce itlcrease. This scaling 
law has been substant.iatetl I,y parlicle-in-ccl1 silnlllatiou anti the 
tlrpe~~deiice on #rolnetl~ir factors evallmtetl for specific choices 
of tile beam profile. Figures 3 and 4 are 1uliversa.l emit tauce 
growlh curves for Iulifornl cylillrlrical and (4allssiau IKmns, rc- 
spectively. For long, a.xia.lly imii~i~tiform Imums, t lie gmnlrt- 
ric factors have heen evalllatetl explicitly for C~arlssian profiles, 
12~1. (lo), and other sllapes. 

Introduction 

Previom calc~llat.ions Ilave shown 1ha.t I~tsc~-i~rarli;lt.e[l pho- 
todiodes nlay IX a protiiisingunrans of prodllring higIl-l)rightWss 
elect roll bunches at Imndretls of amperes in slmri. plllses (tcans 
of picoseconds) for injection inh rf a.cccleratorn.1*2 l?xprrimmt s 

are 1iow under wa.y at Los Ahnos to assess this techn010g,v.“‘4 
By using a laser to create a short electron I)ulse, mrlch of the 
conlplicatrd and expensive hartlwar~ rrqltirrtl to hunch the braIn 
from a. ronvellt.ional electron smtrcc is aliiililmt.etl. The dynam- 
its of these I)esms call IX donlinated by space-clrnrge effects, 
especially before the bealn coming from tlrr diode is accelrr- 
ated to higher energies. Calculat.ions of the transport of these 
bunches from the sotlrce in drift (ulres show an rmithnce ill- 
creasr associated with llla amo1111t of space cllarge ili tllc l)eanis. 

Much progress has IVXII made recently ii1 rllltlt,rst.alltlilrg 
sl’acr-charge-illdllcetl emittance growth and its association with 
nonlinear electric tirld energy. s,fi Silnulntions of the diode have 
revealetl tllat the emiblmce of the beams is Inininlized by tai- 
loring the laser pulses to ma.ke thr space cltarge as nearly un- 
form, axially and radially, as possible. ’ This is consistent, willi 
the nlinimization of lhe nonlinear electric field ellrrgy for Icmg 
beanls. ‘1’1~ shorl electron I~mlcl~t*s prodl~ced by the piioluilij~~c- 

tar are snhjert to a uuiqlte prolhm~ of enlittance prowtlt cartsml 
l)y t Ite fact, t list the slmce-charge forces are tlilIc:cmt ill t Ile ends 
of Ihe beat11 that1 they are in t.lla ceiiier. 

Physical Model and Scaliug Law 

Figure 1 shws a sllapslIol of the lmsilims anal j,llase sl”*ce 
for an electron bancli expanrling rnltlcr its own slmce cllarge 
f’rnlll a calcllla(ioll with tile 1,;11~ticlc-iIl-rrll nl0dc.I 1SIS.“2’7 As 
call 1,~ seen, the bunch expands al tlifferent rates at different 
posi(iotls in the IIC~I~I. I’llis &ccl is lmrt ictilarly rvidmt front 
Ilrt‘ i)lIasr space ii1 Ipig. l(1)). It is this tlilii-rcllt cxl)ansicul ralc 
I llat CWIIS~S t IIV unit taIicC* growth 00scrvcd ill lhr silntllabions 
<of’ rlriti illg l,rauis. 

\Vr llse (11c nonnalizeti rms mliti allrr tlt~fillitiou of 
La~m~l~llt~~ I lmt, for axisy111111<4 ric- l)ca~l~s, call I)e writteu as 

< ,, _ ‘j ,&TZ\ 
\/\ 

\T’ , (TT’)?% (1) 
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Fig. 1. Snapshots frown ISIS simulation. (a) Particle pmitious 
(1,) Phase qmce. The bean1 has IICCII illject.ed from the left a.ntl 
tliesc snapsllots are taken after the beam has brg~ul to c~xlmncl 
fruiii its space charge. 

wllere () dvnotes a charge-weigl~tetl averag.r OWT tllr particle 
qwtntities. III this q~mlion, 7’ tlellot.es thr ratlial l)osit ion of a 
part,icle and r’ E 7/?(/3-//3-). where /3, al~tl /jZ arc the radial itIlt 
axial velocit.irs divided Iy the speed uf light, 1-i E ,/IjT .TTz iLlId 

1 E I/ Ji~~J~. For a drifting ljea.tn, the 0111y forces tltat ihe 
particles expt*rienrc arc f he sfzlf-elrctric antI map4 ic firIdS. If 
all the particles are assuu~etl to Iiave lhe salne axial wloc-ity, 
lhrre exists a beam frame iI1 wllicli there is only an electric 
fkld. In this franle, t.he radial electric ficsltl F:,, of an isolated, 
axisymllletric-cllarged cylinder with one end at 2:-O, 0T lrllgtll 

I,! and radius 0, can be written as (cgs lllli~s) 

E, = L*lL cl2 I0 &Jr’ lm ~~E~~~‘:--‘~l.rl(~r).,,,(~,.‘)~‘b(-).rl), 
(“1 

where J, is tile Bessel function of ortlrr rII micl pb is the cllal~ge 
density of the hrmn ill the tmtili fralnr. If we fl~rll~cr asslinir 
that t.lle beam density is unifonrl in r out lo riltlills u, blur illtc- 
grals over r’ and < call be perforllwcl to give 

E,. = 4&” 1” ,r-‘f(r’)/Ji(.~-i)(i:x; ~ .Y/9) ~(X));S], (3) 

where x m: 
i .4rtr _~~ 

\, ,L : ) , t ).I>. i ~~ --; ~ + -” itlltl tllr> cllargc dt,llsit,v has IWrll 

~r~ritten RS ph :-- llo,f(7). rrt 1,‘ 5\Wlll~!ls I<( Ti) an,1 li’( Y) Ih’Illh? .‘, 
tlie conlI,lcte ellil)t ir ill(qe,riLIs of t tlr first allrl S~TOII(I killtl. I<*- 
sped ivtly. 

This rxpressic7ll i5 msily cvalllaicYl 7lll~~lGi.ally to yic>l(l 
tlie mtliitl rleciric licltl f01, variolls l)rofiIes, f(r). I‘~vc~n willlcltit 
evalualing Illis integral. a IISC~III scaling law ~211 IX ot)t nine,! I)y 
c,bserviiip that, Eq. (X) is of 111c 1;mu 

E, := puy(r, 2)> (,I 1 

where !I is a g?ouletric factor tllnl rl<q)rn(ls on t 111, IWaII~ sha[W. 
Before 111~ beam stray hits 1~2~11 cliilvrtcYl sigllilicalltly I)! tile 
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space-fllargr boozes, the equation of motiuii for t.lrr iatlial vcloc- 
ity cm be intc=gratrd to give 

hl, frame, v/r assllllle I?, ,’ ’ (LIT RIl(l t. a 1; e accuunt of the t.ilue 
dilatioll, flab = Ytbc,a ,,,, Imrent is cmltr;lctio1l, pla* = Tpbrclmr and 
IIS~’ 15~1. (5) in Eq. (1 ) to lind that t.lle emit ta.iice sfales as 

‘l’llc gemnel ric factor G( L/(T) cl t-w~~fls 011 tlw details of tile 1 
cllarge tlistril~lttioll witlliu the t~eaill ailrl. in IviuciIAe, can lye 
rval1latctl firm r?q. (3) [or ,,IOI‘C grllerally, I?$ (“)I autl tt1r 
averwgillg iilll)liecl in Eq. ( 1 ). ‘1’1~ currt’nt of the bealu c11tcrs 
I l1rm1g11 the dimcnsiollless variat,le 11 -= c 1/777c3 (1 clivitletl 11s 
t 7 k>Z). at~rl .A’ is tllcs distallre that the l,eatn I1n.s drift.ed. 

II\ deriving t,llis scaliilg law, it is ass~lnletl tllat tile l~a.~n 
has *io iliitial eniit tance. The salnc argruncnt with init.ial enrit- 
tallce sI1ows t liai 1 hc rinit 1 anccs atltl as I he sun1 of the scttlares. 
I)roviflrtl 1 Ilr initial einill ancc is Iid c0rr~r~li~tt.d in spaw. s11r11 its 
\vould 1~2 tllc case for tllrrir~ally intlllcctl cllrit tatlcr. illsu, initial 
crr~~vcr’jq.~~~rr or tlivcrg:c~ilce of tlr~ l~ai~l clocks 110t afi.ct I Ilr~ rescllt 
its long its t In, c-liallge ill 1mu1l shq~ cm IW tleglect,ccl. 

Numerical Sinudations 

‘PO alfir 1 Irfa scaling I)wclictwl 1’~ TSq. (6), Illutirriral sinl- 
lllintiolls rbf R tli,it’t itlg tfmni 1ia1.e I,tmI perforlncd for a variety of 
IHTIIII ft~rrc.~lts aud r*iirI,gics. ‘L’lle crurlig~irat iota ol’tli~ ISIS sinIll- 
Ial ion5 is illustratrrl in Fig. I( a). ‘1’11~: hv~ln is inju-trtl front the 
lt,fl rrt ;,‘n -- IT.7 illin tllc iilitially cvrlpty mid fir,ltl-1’rc.e co!i- 
drift i]lF: c~vlilrtlcr. iui~ I 111~ t iill~-tlt.l)~i~(lei~t ILlaxwrll’s ecttlaticlns 
iire hulvt~l 1; ~1. I II<> elect ric atl~l Illilgtlet ic liclcls t,ro~lrrc-et1 I)y the 
I,raln. ‘t’llr, I)art isles. l~ov.~vcr, (10 not rrspm1~1 self-consisteiit ly 
to t hcse lic~ltls 1liltil tllc parlirles reecli 2 ~ 0. This Inmctdllre 
allows a smr~~i 11 tlu7-olt of tllc rffccls of tltc self-field. 0111(.1 
ilId 11fuls of followitlg 1 Ire resptse uf the l)t.au~ t, 1 Ile self-firltls 
wmx t ric-tl. ilictllclillg allmv:ing 1 lit- j>arl icIt5 to respnd as soon its 
the) rlitrr’ tile silnlrl;tt inii rre;ion. 111 this case, the first parliclrs 
ilkitiatly r~~spon~t ~311ty 11) t IIF pwiictcs ttlat have Iwe ill,jwtrci 
aild Ilot lo the fit~lcl of the coinI~let~ tw31ii. 111 anollwr ~iic’tl~o~t, 
tlit- healn was allo~rrtl to ent,er the cylilidw, and the ficltls were 
chlr1~latcd. ‘I’hcll tlir fieltl was trmmt 011 to all I lie particles at 
the ba*i~e t ililr. Tl 115 ~~IXKW~IUY caltses 1 he lmrt icles ill cliffvralt 
1)arts 01 tllr ~XVLIII to feel the space-clinrge fu1~33 for tliflrrmt 
lrngtlts uf tiiilts v~heii tllr particles cm.55 t.lie plaie where cribit- 
taiicrs are ralclllatrd. The conclIIsion froni s1lc11 tests is thal the 
pmwdure rlescritd ahve gives t lie sniooi Ilest alld ~riosi pliysi- 
cal way to initialize 1 he siiiltllat,ioiis of t,lle t4Tvcts nl” stmce cliarg~. 
‘I’ltis also accounts for tile fact that t lie sli~~~~slioi sI10ws t.lle hul 
of ttir 1,eiu11 has rxp”ldrtl faritlt~r tlliLl1 ill<’ tail. 1t0wtvr. wl~r~ll 

t II? tail reaclres t llrr position of 1 IIY IWIII ill the snapshot. it will 
have felt the slmrr rllarge ti,r the siliiw length of time atltl will 
liav~ ex~~at~dtY1 jllst as m11cI1. I’;initl.ances were calc~~lattd fro111 
F(i. (I) at vario118 positions Iwt wcen I = 0 alid 2 = 2G.G. 7’yp 
i( al Ilrumt~ric~al Imt~nnlct~*t’s IIPC(I LV<‘I’C- ~nt~t, sizes, AI- = A: = 
(I,! IO. wit II 12 tmrt ir~lrs/wll. 

Fi,qllre 2 shows the resrllts of eigllt ISIS sillllllittions f~,r 
bt*al1ls will1 c.ltarge densities tliat are urlifurln cyli~~ders. I:rom 
tllr ilIy,rllllrllts lilr tllr scalilrg law in tile tu-evious sectioll, wfs 
fiiltt t tlaf tILta scal4 enlittalicr as tlq)ic.t~:tl in the e;raph sl~or~ltl 

ilvlit.lic! OIlI\. <l,, I II? :I,~~II.TI ratio oi‘tl~~~ i~i~anl ill t 111~ l~~.iit~l I’IXIII~~ 
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Fig. 2. ISIS siitllllat.ions confirnling 1 he scaling law ill 
Eq. (6) for two clillkreut aspert ratios of a slt~g I~3in with 
various beam energirs ailct cm reds. 

(rL/a). wlitw 1, is the hgth of the lwi1121 ill tlie Iatroratwy 
frame. Tile siin1htioll resrllts show tile rnlil tallce iilitially in- 
creasing linearly with S, wit11 a slupr rlrpendt~~lt Reilly 011 t tie 
aspect ratio as pwdictctl tq Eq. (6). The tleviations f’l0111 the 

linear tdiavior exliibitrd for larger S are a resldt. of t lie Imm~ 
changing shape under the influence of its own space cllarge alltl 
are iilost prouotulced for the cases will1 higher pcrvea*lce. 111 all 
cases, the linear increase of emittance wit11 S represa1t.s a good 
upper I~ound of the einit,taiice growtll. The colldrlct iIlg wall was 
hateti at 2.5 times the iilitial I~eain rntlilm for tl~~~sc~ citl~~~li~- 
tims. Simulatimis I~crhiiietl wit11 it wall ratlilts five tilurs tile 
initial I)vani ratlills show~~l less tllau a ll)O?, dill;qyy~cr ill elIlit- 
tRllCt5 alld t Ilrll Ollly iVIle t ha t)cxlil llatl Illorc t haI1 clout)led in 
radiIIs frown ii s illiti;rl size. 

C~iven Illis scaling law, t.lic groinetl,ic faclnr G( L/a) cau 
IX fonllti frmn nllmeric-al sillllllat ions I,y lixing t IW t~caln rncrgy 
and cmrellt and I)y varyiiig tile aspect mi io. I“igulv 3 sI~ow~.s t he 
rrsults of a series of simlllitt ions wil II 3 = 2.0, 1,’ 2. 0.01 I;w tliffvr-- 
ent a.spect ratios of a. lil~ifonn cyliilttel, or slllg t)ealll. ‘I’hc CIII‘VC’S 
are spliiles t~lirougll t.he data to gllidc t II? eye. tbr fixed curmlt., 
Ihe alnorlnt of Aarge ii1 the 1~3111 vanislws as the hgt II 0f 
1 lie Imun approarl~es 2x-t-0, so t 11~ mail lance growt.1~ a~~pr~aches 
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zero. For long beams, the 1,ea.m expands self-silnil~~.rly except, at 
the ends, wllich contrihte less ant1 less to the total rnlitta.ncf 
as the tmtin beconles longer; thus, the emit I ante increa.se is Less 
for longer beams. In fact, the nonliumr field-ellrrgy nmdel uf 
emit t ante growtll” says that the elnittallce growth sllordd vail- 
is11 for infinitely long beall1s as long as t be I>eam’s tlellsity is 
uuiforln ill the radial direction. l’he worsl case 0ccIIrs wllell IIle 
aspect rat,io iii the beam franle (yL/n) is about 5. l’lle oscilla- 
tions ii1 enlittallce for llie slnaller values of S are tdieved tu Ije 
t 1~ result of wake fields produced by t hc sllilrl>-edget bea.ul. 

For other bezun density profiles, t 11e tle~m~~lc~~ce on aspect 
ratio will he diKerent. Figure 4 sl~ows the results of a series cd 
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Fig. 4. ITnjversal emit tance-growt II curves for Gaussiau t)e:LltlS 

obtainerI from particle-in-cell silllulation. 

sinlulations with y = 2.0, v L (I.01 for tlilt;~rent respect ratios of 
a beaun tliat is a uniform cylinder in t.lle radial direction ant1 
Ilas a Gal1ssian distribution of tlie charge in the axial direction. 
This is the tvpe of beam that, one expects to prod1Ice fro111 a 

pl~ototliode tlmt uses a Gaussian laser 1mlsa focused uniformly 
on the cathode. ‘The It@ Ii of tile pulse, L, is tlefild as the 
full-~~idtl~-l~alf--I~~axi~nr~~~~ of the C;anssiim tlistril~r~tion. Foor tlbis 
profile, (he effect of making the Imun 1011ger does not make I he 
radial field iudepenclellt of 2. Thus, the longer ImulLs, which 
rontaiu nlore charge, havr higher emithlre grnwth. Note that 
the worst etnittance growth for Gaussi:m hemus is atmut twice 
it6 large &b tllat fOr Slug I>eiUllS. 

Annlytical Approximntions 

111 ,ge~l~~~l, the ral~7llatioll of the groiuetric factor G in 
Eq. (6) involves evaluating t.he conlplicatecl iiitegmls iii I’:(t. (2) 
01’ (3) for the radial electric firltl and perfornhg tllr averages 
in Eq, ( 1). ‘Thlls it. is not possible to give an analyiicrtl reslllt 
for the general case. However, if the beam a.spert ral io (L/o) is 
large cnor~gll, t lie radial electric field will be lllllch 1argCr tllil.11 

tile axial &ctric field everywhere except Ileil1‘ tile ellds of tllC 

I,ra~ii. III tllis case, Galtss‘s law gives that. the ratlial electric 
Lidrl is al~proxiul:rtcly 

E, 2 amyof( (7 

Tllis firId can 11r Itsed in tile eqIlatiol1 of inotiotl. ECI. (5), 10 
give 

27rc 
r’ = ;?,,-PPdhbf(4’ (8) 

where tiab is he time he beall t ritds ill t.he Iah hiiie. 7’1w 

averages of the fnnrt~ion h(r, z) in Eg. ( 1) are 

S+~~=f(x)~~d’drrl,(r,x) 
__- ~----. (Wr, 2)) = yjt,- & f(L) ,,;p (fr,, (!‘I 

ITsing &I. (8) in Eq. (9) and f(z) give11 I,y a (:aussiatl, we lilltl 

2 --- J? 1 /I2 L’,S 
f, z a(----- 1 2J2 l”;ja’ (IO) 

In other worth, the geometric factor for Intlg C:allssii~rl l)t~ams is 
G r.z 0.556. This expression agrees williin 1% of the large f,ja 
limit in Fig. 4 at the first probe position (S/cl = 2.1). 

l?or slug beams, his analysis gives zero emit hiice growl 11 
iii the limit that, L/a i 03, as expected. For hanls wit II a 
parabolic axial profile, the limit.ing geometric factor is G r: 0.2. 
One might think t,ha.t adding charge to the ends of 1 he i>ealn 
might increase he mclial field there and moderate the tlitfuence 
in t,lle expansion rate. I[ owever, it is not possible to elitnit1at.e 
the effect t.his way, and there is now more charge iii the mntle- 
sirable ends. For f(z) = (z/L)“, where II is an eve11 integer, ill 

the limit n + m, G = l/d, which is eveu slightly larger tllall 

t,lie Gaussian l~a.m result. 
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