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Abstract, 

One of t.he uses at LAMPF of the l)eam-dynamics code 
TRANSPORT is t.o model and tune the proton beams in lhe 
side-coupled linac. Significant. differences are fotlnd bet,ween 
mcasnred beam characteristics ancl those calculated by an early 
version of TRANSPORT. These differences are reduced to ac- 
ceptable limits by modification of t.he original accelerator t.rans- 
formation nlatrix used in the code. The modified element. and 
a brief description of it,s derivation are presented. The modified 
nlat.rix reduces to the original matrix iii t,lle relativistic limit. 
The modified matrix is also con~parccl to result,s of numerical 
integration to obtain some intlicatioll of its accuracy. 

Introclrict.ion 

Ream behavior predicted by the earlier version of TRANS- 
PORT ’ does not agree wit,11 experimf3lta.l resr1lt.s. Iiivestiga- 
tion of this problem shows t.liat the original accelerat,or matrix 
used ill TRANSPORT is valid only for beams wit.11 large veloc- 
ities (~3 close to 1). For t.he beam at LAMPF, fi 5 0.84, which 
is below the energy where the original accelerat.or iiiat.rix is 
valid. To remedy t llis probleln, a new first-order transforma- 
tion matrix for accelerat,or sections is developed. This ma.trix 
is designed to use the same iiipnt. paraniet.ers as the earlier 
TRANSPORT code. There is a sligllt tli~erenre in t.he detini- 
tion of the longit rtdinal bunch-lengt 11 parameter 011 which the 
new accelerator matrix acts. Tlhis difference will be described 
later. 

The new transforn1a.t ion through the accelerator sect.iorl is 
compared to results of nmuerical integrat.ion of particle motion 
to validate the accuracy of the new matrix. Second-order ternis 
are est.imatrd from the nunierical results for a specific case. 

Tile new accelerator matrix is installed in I,AMPF’s ver- 
sion of TRANSPOl1’J?. The results of t.he code now fit the 
measured d&a to a degree comparable wit.11 uleasuremeut er- 
rms. Satisfactory rem&s have been obt.ained for st.udies of both 
I~anl centroids and widths. 

Derivat.ion of new. Accelerat,or Matrix 

The phase-space parameters used to describe a particle are 
relative to the omaxis, on-energy syiicl~roiious particle. Values 
with subscript s refer to the synchronous part.icle. To derive 
t lie equat.ions of motion t,he standard TRANSPORT coordi- 
nates :c, x’, y, and y’ are used in the transverse plane. In the 
loiigit~~dilial plane, the diflerence in energy, AIt-, and the tlif- 
fermct= in phase, O@, are med in the equat.ions of motion. The 
sulxcript n refers to the init,ial values of a paranlet.er, and sub- 
script f refers to t.lie fiiial values. 

The fields in an accelerator nmy be approximated by con- 
tinuous fields over the length of the accelerator2. For a particle 
near the synclironorls particle, the fields are approximated by 

I 
E: = -A.!? cos@, 

q 

AE sin4 

where q is tlie charge, 7, 8, and c are the norinal rrla.tivistic 
terlns, X is the rf wavelength, AE corresponds to the energy 

gain, and q5 is the longitudinal phase of t.he particle. Care nlust~ 
IX t.aken in t.lle definitions of I$ and AE. To correspond wit.11 
t.he original definitions used in TRANSPORT, AE COSC#I, is t,lle 

energy gained by t,he syncl~ronous particle over t.he accelerator 
sect.ion and $J is positive for a phase st.al,le accelerator. 

The approximate equation of motion in the transverse 
I)lane is 

d d 
@k&x = 

where nzc* is the rest. energy alld L is the length of the accel- 
er ah sect,ion . 

The approximate soltltions for particles suf5ciently close 
to t.lie syiichroiious particle are 

“f = (=& [( cosh(krL) + +,,?(krL) CT, 
1 

+ 
( 

~3i&(k~Lj x; ) 
) I 

and 

R’; = (3,; [kT (1 - ;, s7nh,XTL):r” 

+ COSh(k~L) ~ &Sid(kTLJ XL ( ) 1 
where 

6 = 1 W&E co& , A2E 
n(mc2)2AE sind, 

2 L PZoC2 x L p5c3 ’ 

liT = \//62 $ AZ. 

big, is the init,iaI energy of the synchronous pa’ricle, and pa0 
is iiitial inonlent~unl. 

In the longit~udinal plane, the approximate equations of 
inotion are given by 

dAW __ = __ AE ;‘+‘A$ dAc$ 2n AW 

dz 
and __=--.p 

dr X -j~,LY~ mc2 

wit.11 a solution, again an approximation for particles sllffi- 
cieiitly close to the syncliro~io~~s particle, given by 

COS(lcLL)l, i- 
1 

-Si77.(kLL) 
7,2&L 

and ~a,“, h _ 
Pa c I[ Y*f aff 

-YS20kLsin(kLL)lo + cos(kLL)3 , 
I 

where 1 
Ic 

L 
= 2r(mc2)2AE sin+, 1 

h LpZ,c3 1 
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The phase-space coordinat.es AW and A4 are related to 
t.he coordinates used by TRANSPORT by the relations 

,J%$b AP 1 AW 

2x ’ 
and -=---- AP 

?f 11s 
for - << 1. 

P3 Ps 

There is a small difference in the definibion of the bunch- 
lengt,h parameter 1 and t,he corresponding parameter used in 
TRANSPORT. ‘I%~ parameter 1 used in this paper is the differ- 
ence in longitrtdinal position of a part.icle from the sgnchronons 
particle at. a specific point in t.ilne. The standard parameter 1 

used in TRANSPORT’ tl d’ff . 1s le * elence between the path length 
followed by a part.icle and the path lengt,ll followed 1)~ the SYII- 

clmonous part.icle across a given length. 

Resulting Transformatioll 

The resulting non-zero matrix elements are shown in Ta- 

ble 1 and compared t,o original elements used in TRANSPORT. 
These new elements reduce to the original elements in the hit 
as 9 + 1. Tlley also reduce t,o the standard drift matrix elc- 

ments for AE = 0. 

The transformation can also be conipared to results of 
numerical integration for specific cases. To obtain t.he Iirnneri- 

cal results, a six-dimensional random Gaussian dist.rihtion is 
geuerat.ed. The distribution function is given 1~’ 

f(F) _ J e-ftrro-‘a 

(2R)zc,Eyt, 

R,2 = R34 

RZI = R.43 

R2a = R44 

R 55 

R5.5 

where r is the phase-space coordinate vect.or, o is the standard 
beam sigma matrix and c,, cy, and fr are the enli t t antes of t lie 
hree decoupled planes in phase space. 

The differential etpat.ions of motion arp numerically inte- 
grated over he length of the acceleralor elenlellt. The qua- 
tions of mot,ion used for the int.egration are 

sin4%( 1 - M~.J 

D ’ 

where IV(y) are solutions of modified Bessel’s equations. 

Pahicles are integrat.ed t.hrough a typical LAMPF side- 
coupled accelerat.or tank (the first tank in the 805.MHz struc- 
ture). The tank lengt.11 is 290 cm and the integration step size is 
0.1 cm. The integration of 5000 particles t,akes approximately 
two hours of C!PI! time on a VAX 11/780. 

It is assumed that the t ransformafion from the initial 
phase-space coordinat,es of a particle to the final phase-space 
coordinates is given by 

xii = c:i + 2 R ~jX,io 

,=l j=l k=l 

Table 1. 

Non-zero new and old first-order t,ransformation matrix elements for an accelerat.or section 

Element New Old 

RII = R33 1 

0 

rrs, 
wa, + AE cos4* 

1 

2i-r AE sin@, --~____ 
X blrs, -c AE co+, 

of’.,* 

MJ,o + AE cm&, 
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‘IYIP tra~i~forn~a! ioll coefficients C’, , II,:, and 7;]k are fmmtl 
11s a Ipast -s~luaws-fit n~etlmtl Ilsitig t Ilr umdinate data gener- 
atecl I)p tllra IiIuiIerical irltegration of tllr Imrticlr liiotion. in 
ge1irra.1. vallles uf C’, diffrrelLt frc ml zer~j are an indication of 
the statist ical nat III‘C of the ralitlolu inpllt (list rihttion. The 
first-~mlrI~ t ransfurinatioli elements, R,, , can be con~pared to 
reslllt s nblail~rd by analytical n~ctllotls. The highest terms 
fioln 1 he fit, ii1 tllin case t lie set-olitl-ortl~r trrnls, r,j,, give 
solt1c in&cat inn of the error ilitrotllicrtl I,>- the truncat.ecl, first- 
ortlv~~ transforlilitl ion. 

The specific cast rlinsrit is lisetl I,ecan~ it rcprcs~ls it 
\v’ol.ht c‘asr for l,Ahl t’F. 7’1 1e initial c’llvrgy is the lowest in the 
si~l~~-col~ple’d lillac, tllr eiiiittancc tllr> larjirsl, RII~ tile ta11k is 
rt-laliwly long con~parctl to sill& gaps in tlle drift-tlll)t~ linac. 
‘l’ral~,sfon~~i~l i011 xitlur~ (lc.t.i\v<l li~o~ii vitriolls mctlds for this 
case are conil~ard iu Tal,lr 2. ‘I’lle tll~r trall.~C,rluation nlatri- 
CPS sIIowv11 ill Tal,le 2 are the t rausforniilt ion tle~~ived from t lir 
lit 10 n~~merical ilitrgration. tlic- iii~])rovcd t ra~~sfo~tnaticm tlow 
~~svtl in L22hll’I~“s vt.rsicu1 (~1 1‘RANSl’Oli’l’, and the t m~tsl;~- 
111aiio1l ~~setl in t Ire rnrlicr vtv.sioll I$ THANSI’ORT. K~tc 111~. 
large tliffvt t‘ll(‘~’ IKE wrt’li thy c~lrlu~llt b of I II<. last two 1natiicc.s 
1;)r Illis s;1)ecilic ci~s~~. 

~Qknlcll!S iqj 1 

The first-order accelerator transfornmtion ulatrix ~lsed iii 
the original version of ‘I’RANSPOR’I IS accept able for 1mmlS 
with 3 z 1, hit for prdon beams wit 11 $ 1 the trmsfortna- 
t.ion in TRANSPORT must IX nlodifictl. The new accelerator 
t.raiisformat.ion matrix conlpares well wit 11 results front ntul1er- 
iral inlegration. Tll? ronrparisons are clothe for tyj)icitl LAPl4PF 
bea~n parameters with energies greater t.l:en 100 MeV. 

The new transformation is valid only in tllc linear region 
of please space well away from the separatrix. For applica- 
iions dealing with I)ea~ns that fill the rf bllcket or needing 
higher degrees of accllracy, thr higher-order t raiisforinat ion 
terms will need t 0 be developetl. Those higher-order al)proxi- 
Inations co111d also be con~parrd to results uf nrinierical integra- 
tion fur specific cases to give some estimate of tlieir accuracy. 
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“TR ANSPOR’I’. A C’~,nlpt~tc~~ I’rogr:u~~ I’oI, Ihdglling C’harged 
Particle Ileam Tratlslmrl S!-stc,nls.” Sl.?2C’ report Sl.A’-91. 

rirv. 2, uw9. 
2. Ii. hfittag, ml l’aralnetvr Opt imizat ioIl for a I,ili- 

ear Accelerator,” lie~nforsclllmgs~e~it nun l<arlsrrd~e GnlbH, 
report Kfli 2555, Jan. 1978. 

Nlllumical valrtes of i Ile Iid or~lvr tra.tlsf(,runntioll nraf rix for a tyl’ical x05-hIlTz tauk 
ill T,Ahll’F’s sitle-c~~pletl lijlac. ‘1.11~ initi;rl energy is 100 hteV, the energy gaiii is 3.19 
hIeV over a lengtli of 290 cn1, and the sq-~irhrorio~is phase is 30 degrees. Only the sigiiifi- 
c‘;\11t Pltwlt’lllb art\ SllOWIl. ‘Tile valises arc frown the results of iilitnerical methods, the new 
trallsfonnat ion ICWI in LAMPF’ P 11cw version of TRANSPORT, alld tllr original tramfor- 
lllatiol~. 
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Nlunrrical Transport 
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