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Abs t r ac t  

Seve ra l  advantages  of u s ing  s i n g l e  Penning 
t rapped  p a r t i c l e s  ( e l e c t r o n  o r  p ro ton )  f o r  l ong  term 
dynamical s t u d i e s  of chaos a r e  desc r ibed .  Such 
s t u d i e s  would complement, f o r  i n s t a n c e ,  s e v e r a l  
r e c e n t  s p e c u l a t i o n s  on t h e  t r a n s i t i o n  from quantum 
l i k e  t o  c l a s s i c a l  l i k e  motion of such  sys tems.  S ince  
t h e  Penning r a p  dynamics a r e  fo rma l ly  equ iva len t  t o  
f a m i l i a r  a c c e l e r a t o r  ( synchrocy lo t ron )  l o n g i t u d i n a l  
motion t h e s e  s t u d i e s  would be r e l e v a n t  t o  
unders tanding  a s p e c t s  of machine s t a b i l i t y .  

I n t r o d u c t i o n  

Consider l o n g i t u d i n a l  motion i n  an  i d e a l  
synchrocylco t ron .  We w i s h  t o  po in t  ou t  t h a t  such 
motion may be s t u d i e d  expe r imen ta l ly  t o  a degree  of 
p r e c i s i o n  and wi thout  ex t r aneous  p e r t u r b a t i o n  ( e . g .  
gas  s c a t t e r i n g  o r  "random" guide  f i e l d  imper fec t ion )  
h e r e t o f o r e  imposs ib le  t o  a t t a i n  i n  t h e  usua l  
a c c e l e r a t o r s .  The exper imenta l  t o o l  is the geonium 
Penning t rap ." '  The importance o f  such  c l ean  
dynamical exper iments  could  be i n  e l u c i d a t i n g  t h e  
long  term dynamics of h igh  energy  a c c e l e r a t o r s . 3  For 
t h i s  s i t u a t i o n  Penning t r apped  p ro tons  ( i . e .  w i th  
n e g l i g i b l e  r a d i a t i v e  decay)  can be ~ t u d i e d . ~  
P o s s i b l e  cyc lo t ron  f r equenc ie s  of > 10 MHz would 
a l low ext remely  l a r g e  o r b i t  number s t u d i e s  of 
non l inea r  Arnold d i f f u s i o n  and r e l a t e d  conse rva t ive  
Hamiltonian dynamics phenomena.s 

The same type  exper iments  on t r apped  e l e c t r o n s  
r e p r e s e n t  a complementarily r i c h  l a b o r a t o r y  f o r  
non l inea r  dynamics. I n  t h i s  ca se  r a d i a t i o n  damping 
is  s i g n f i c i a n t " *  ( w i t h  IBI 1 6 T e s l a ) .  Yowever t h e  
damping is s t i l l  weak i n  t h e  sense t h a t  rrad/Fc clp 
<10 l o .  of i n t e r e s t  i n  t h e  dynamic8 of 
such  a non l inea r  system has been t h e o r e t i c a l l y  
gene ra t ed  The i n t e r e s t i n g  po in t  be ing  
t h e  t r a n s i t i o n  from QM t o  c l a s s i c a l  - l i k e  motions a s  
a f u n c t i o n  of weak damping. Here w e  d i s c u s s  t h i s  
damped system because of i t s  c u r r e n t  t o p i c a l  
i n t e r e s t ,  bu t  a l s o  due t o  t h e  e x i s t e n c e  a l r e a d y  of  
some exper imenta l  I n  o rde r  t o  s tudy  a 
n o n t r i v i a l  spectrum of equ i l ib r ium p o i n t s  t h e  RF 
d r iven  e l e c t r o n  system is s t u d i e d .  A p e c u l i a r i t y  is  
s t a b i l i t y  p r o p e r t i e s  w i t h  r e s p e c t  t o  RF no i se ,  a 
problem of i n t e r e s t  in high  energy machines. '  

A g r e a t  dea l  

Anharmonic S t a b i l i t y  Diagram 

The s i m i l a r i t y  ( fundamenta l ly  an equ iva lence )  of 
p a r t i c l e  dynamics i n  a Penning t r a p  t o  t h a t  i n  a 
synchrocyc lo t ron  has  been po in ted  out. '  V e r t i c a l "  
focus ing  is accomplished e l e c t r o s t a t i c a l l y  however. 
Here we concern o u r s e l v e s  o n l y  w i t h  t h e  cyc lo t ron  
motion, which is equ iva len t  t o  t h e  l o n g i t u d i n a l  
motion i n  a c c e l e r a t o r  language. Thus t h e  equa t ions  
of motion we cons ide r  a r e :  

*Operated by t h e  U n i v e r s i t i e s  Research Assoc ia t ion  
under c o n t r a c t  w i th  t h e  U.S. Department of Energy. 

where Y is t h e  usua l  Lorentz  f a c t o r ;  R the  cyc lo t ron  
f requency:  I' t h e  r a d i a t i v e  damping; E ( u t )  t h e  r f  
d r i v e  f i e l d  a t  f requency  u ;  and E F ( t )  a f l u c t u a t i n g  
l lnoiset '  f i e l d .  Typica l  s i n g l e  t r apped  e l e c t r o n  
exper iments  involve  il -10" Hz ( B  - 6T)  and r = 
10 Hz, t h e  smal l  r a t i o  r/n a l lowing  f o r  extreme 
p r e c i s i o n  resonance  measurements. '  

D 

We examine ( 1 )  i n  a v e l o c i t y  frame r o t a t i n g  a t  W ,  

a r e  given by ( w i t h  where s t a t i o n a r y  s o l u t i o n s  6 = \ v / c  
E =O): F 

where Aw = u-n; and f = e/m E So lu t ions  t o  ( 2 )  a r e  
a long  t h e  non l inea r  h y s t e r i s i s  cu rve ,  F igure  1 . ' '  
Only t h e  largest  E ( A w )  branch is s t a b l e  (Bucket 
c e n t e r ) .  Next below t h i s  is t h e  usua l  v e s t a b l e  f i x e d  
po in t  branch. Less f a m i l i a r  is t h e  s i n g l e  valved 
r eg ion  near  Au=O. The unique f e a t u r e  of t he  Penning 
e l e c t r o n  is t h a t  t h i s  r eg ion  is a c c e s s i b l e  s i n c e  
-hW>KT.' With E = O  the  e l e c t r o n  s e t t l e s  i n t o  a 
Landau ground s t a ? e ,  bu-O. 4 c c e l e r a t o r  a long  t h e  
s t a b l e  branch must proceed from t h e  o r i g i n .  

D:  

Such a c c e l e r a t i o n  exper iments  have been 
performed, t h e  r e s o l u t i o n  of t h e  s t a b l e  branch from 
b a s e l i n e  n o i s e  be ing  < 20 hQ at  p re sen t  and a goa l  of 
one quanta expected. '" '  A thorough d e s c r i p t i o n  of 
t h e  exper imenta l  m i l i e v  and t h e o r e t i c a l  a n a l y s i s  may 
be found i n  t h e  rev iew of Brown and Gabr i e l sc ,  from 
t h e  po in t  of'  view of a p p l i c a t i o n  t o  p rec i s ion  
measurements of g -2.  

F igure  1 does n o t  d e s c r i b e  t h e  who le  dynamical 
phase space .  I n  p a r t i c u l a r  t h e  c l a s s i c a l  p i c t u r e  of  
t h e  bucket s e p a r a t r i c e s  is not  c l e a r  near t he  o r i g i n .  
T h i s  f a m i l i a r  a c c e l e r a t o r  po in t  of view is t h u s  
extended i n  F igu re  2 .  The novel f e a t u r e  i n  t h i s  
regime is t h a t  t h e  s e p a r a t i c i e s  impinge a long  t h e  
ze ro  k i n e t i c  energy  o r d i n a t e  f o r  a f i n i t e  phase 
i n t e r v a l .  A s  t h e  mul t ibranched  r eg ion  i s  en te red  a 
second (non a c c e l e r a t i n g )  bucket appears  w i t h  i t s  
s e p a r a t r i x  a t  f i r s t  t angen t  t o  t h e  upper branch ' s .  

Quantum vs .  C l a s s i c a l  Dynamics 

The dynamics r ep resen ted  above is  pure ly  
c l a s s i c a l  a l though  we showed t h a t  experiments down t o  
a quantum mechanical energy s c a l e  are p o s s i b l e .  RF 
e x c i t a t i o n  ( a c c e l e r a t i o n )  a long  the  s t a b l e  branch of 
f i g u r e  1 is a very  complex (unsolved") quantum 
mechanical problem. 

Huberman and C r u t c h f i e l d  poin ted  o u t ,  q u i t e  some 
time ago ,  t h e  r i c h  dynamical s t r u c t u r e  of c l a s s i c a l  
systems ( i . e .  d r i v e n  damped anharmonic o s c i l l a t o r s )  
e s s e n t i a l l y  e q u i v a l e n t  t o  ( l ) . '  To a i d e  comparsion 
wi th  the i r  work, w e  no te  t h a t  ( 1 )  (o r  a t  l e a s t  i ts 
r o t a t i n g  frame e q u i v a l e n t )  is r e a l l y  a one 
d imens iona l  p r ~ b l e m . ' ~  T h i s  is perhaps not  
s u r p r i s i n g  s i n c e  the  c l a s s i c a l  cyc lo t ron  o r b i t  
proklem (even wi th  damping) c l e a r l y  is equ iva len t  t o  
a 1 SHO. Simple use  of t h e  gauge freedom expres s ing  
t h e  canon ica l  angu la r  momentum y i e l d s  ( equ iva len t  t o  
( 1 ) ) :  
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Figure  1.  Anharmonic s t a t i o n a r y  s o l u t i o n  curve  f o r  
eqns.  1-3. Th i s  may b e  viewed as  a resonance  curve  
which i s  t i l t e d  by t h e  n o n l i n e a r i t y .  Thus i t s  "width" 
( spac ing  between upper branches)  i s  determined by 
(damping) and f (power broadening) .  The s c a l e s  p e r t a i n  
t o  an e x p l i c i t  e l e c t r o n  exper iment .  Synchrocyclo t ron  
a c c e l e r a t i o n  cor responds  t o  sweeping RF d r i v e  up a long  
t h e  top  branch (arrow up) .  

- I  

4 

Figure  2 .  TOP curve :  s e p a r a t r i x  cor responding  t o  i n  s i n g l e  
va lued  r eg ion  of F ig .  1 ("A"). BOTTOM curve :  s e p a r a t r i x  f o r  
mul t iva lued  r eg ion  "B" of F i g .  1. Arrows i n d i c a t e  common 
s t a b l e  r eg ion  boundar ies  which a r e  sepa ra t ed  h e r e  f o r  c l a r i t y .  
" X " ' s  mark t h e  s t a b l e  r e g i o n s  (bucket c e n t e r s ) .  
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where P = cons t .  is 
momentui, and Y = Yc 
b i f u n c t i o n s  l e a d i n g  
a t  t ract  o r  ( c h a r a c t e r  
ba l ance )  r e s u l t s  from 

C(Y-1-2) ( P  - n x ) l + Y - l P  ( 3 )  Y Y 

t h e  second dimension conomical 
x , ? , P  ) .  A t y p i c a l  p a t t e r n  of 
t o  ehaos  about a s t r a n g e  
s t i c  o f  t h e  drive-damping 
these svstems.' The extreme 

low no i se  environment necessa ry  f o r  t h e  Penning 
exper iments  is e a s i l y  ammenable t o  d e t e c t i o n  o f  t h e  
p r e d i c t e d  b i f u r c a t i o n  power system. 

The quantum dynamics, t h a t  is t h e  r e a l  phys i c s  of 
t h e  t rapped  e l e c t r o n ,  may be examined v i a  a 
Hamiltonian equ iva len t  t o  ( 1 1 ,  ( 3 ) :  

where @ i s  a s t a t i c  p o t e n t i a l  g e n e r a t i n g  E 6 i n  t h e  
r o t a t i n g  frame. MI , r e p r e s e n t s  t h e  e f e c t r o n  
i n t e r a c t i o n  w i t h  t h e  c a v i t y  it is  i n ,  which w i l l  
account  f o r  the damping. A system e s s e n t i a l l y  
e q u i v a l e n t  t o  ( 4 )  has  been s t u d i e d  numer i ca l ly ,  
showing a remarkable connec t ion  t o  the c l a s s i c a l  

Those a u t h o r s  behavior  i n  t h e  presence  of 
cons ide r :  

D 

HI' 

( 5 )  I H = H  + a H o Z + H  
0 

If we view H l 'biased'f  ( r enorma l i zed )  about  some 
s t a b l e  f i x e d  pg in t  then (5) c losely approximates (H - 

1, by expanding t h e  r e l a t i v i s t i c  form ( 4 )  t o  ::%#a orde r  (an e x c e l l e n t  approximation f o r  the 
mill ier energy t r apped  e - ! ) .  

It  has been proposed t h a t  ( 5 )  a l s o  models 
b i r e f r i a n e n t  l i g h t  propagat ion  and t h a t  a c t u a l  
exper iments  on ,  f o r  example o p t i c a l  f i b e r s  could 
demonst ra te  va r ious  p red ic t ed  Following 
quantum evo lu t ion  v i a  t y p i c a l  e l e c t r o n  dynamics is 
p o t e n t i a l l y  a much c l eane r  exper imenta l  tes t  o f  such 
p r e d i c t i o n s .  I n  any case it  is a r a d i c a l l y  d i f f e r e n t  
t e s t ,  r each ing  t h e  few quanta  l i m i t  of t h e  theo ry  
(one  e - ;  h Q > k T ) .  S ince  t h e  c r u c i a l  parameter r / Q q  
B,  the  experiments can be tuned  t o  s tudy  d i f f e r e n t  
regimes.  

Noise - 
Already "no i se f1 ,  t h a t  is quantum n o i s e ,  is  

inc luded  i n  both t h e  a c t u a l  e l e c t r o n  sys tem and 
s i m p l i c i t y  i n  t h e  quant ized  v e r s i o n  of ( 5 )  r e f e r r e d  
t o  above. "lore s i g n i f i c a n t  t o  a c c e l e r a t o r  problemsg 
and t o  a c t u a l  Penning t r a p  experiments '  is  t h e  
i n e v i t a b l e  s ideband no i se  which accompanies any 
a p p l i e d  r f  no te .  

A series of experiments has d r a m a t i c a l l y  
demonstrated t h e  s e n s i t i v i t y  o f  Penning t r apped  
e l e c t r o n s  t o  random rf s ideband Unl ike  i n  
t h e  case  o f e x i s t i n g  a c c e l e r a t o r s ,  where v a r i o u s  
7 1 d i r t T T  e f f e c t s  may confuse  s t u d i e s  of r f  nose bucket 
d i f f u s i o n ,  t h e s e  Penning r e s u l t s  can be unambiguously 
a t t r i b u t e d  t o  such n o i s e .  The absence of 
p e r t u r b a t i o n s  and t h e  extreme h igh  Q of t h e  c y c l o t r o n  
motion ( n / r > > l )  a l lows  c a p t u r e  o f  t h e  e l e c t r o n  by 
broadband n o i s e  f a r  more probable  than  by a c a r r i e r  

u n l e s s  t h e  n o i s e  is e x c e p t i o n a l l y  low. In p r a c t i c e  
i t  is ext remly  d i f f i c u l t  t o  make pure enough rf  
sources  t o  avoid  e x c i t a t i o n  from be ing  anyth ing  b u t  
c h a r a c t e r i s t i c  of t h e  s ideband n o i s e  amplitude 
envelope. The immediate goa l  of such  experiments is 
t o  r e s o l v e  t h e  quantum anharmonic i ty  (unequal l e v e l  
spac ings )  of t h e  r e l a t i v i s t i c  Landau l e v e l  spectrum 
s t a r t i n g  wi th  ground s t a t e  De ta i l ed  
a n a l y s i s  of t h e  n o i s e  i n f l ~ e n c e ' ~  w i l l  be necessary  
s i n c e  t h e  p re sen t  r e s o l u t i o n  is s t i l l  sideband no i se  
l i m i t e d .  
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