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Abstract
The nonlinear motion of electrons in a

continuously rotating quadrupole free—electron laser
is analyzed. The equations of motion are described by
a three—dimensional Hamiltonian system. By applying a
set of canonical transformations the three degree-of-
freedom Hamiltonian is reduced to a two degree-of—
freedom Hamiltonian. The effect of the betatron-
synchrotron resonance 1in the quadrupole FEL is then
analyzed.

Considerable interest has been expressed
recently in the possible utilization of magnetic
quadrupoles in free electron lasers for focusing of

1 % and for wigglers.s g

the electron beam
Here, we analyze the nonlinear motion of
electrons in a free electron laser under the combined
influence of a continuously rotating quadrupole
magnetic wiggler and a circularly polarized electro-
magnetic wave. The linear theory of this
configuration has been presented previously.6 7

The nonlinear equations of motion of a
relativistic electron in the quadrupole FEL can be
deduced from the Hamiltonian

2
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= 7-(PX + P

H

- a(x cosY + y siny)

1

with

2y,21-1
m, = [(1+8gvg]™ .

All quantities in (1) are dimensionless, x and y are
normalized to k,, the wiggler wavenumber. The beat
wave amplitude a is given by
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and the wiggler strength is characterized by
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where E, is the amplitude of the electromagnetic wave;
BO is t%e value of the magnetic field at the distance

of one wiggler wavelength from the z-axis; B and Y
are the resonant velocity and energy, respectively; e
and m are electron charge and mass, respectively; and
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¢ is the speed of light. The quantity x is the phase
of the electron in the beat wave x_= k(z - B t) + ¢,
gormalized

where z 1s the axial position, k 1s the
beat wave number (k = (k_+ k )/k ), and ¢ is the
relative phase between the ‘%iréhlarly polarized

electromagnetic wave and the magnetic wiggler, time is

normalized _to the wiggler “frequency," (k c) "
Initially, Xg = k(8, - B,), where B, 1s the 1n§ection
velocity 1in "the =z=direction. Using the resonance

condition we can express

Ko = [Ce, + k By - kr]/kq

and denote iO = Aw as the detuning parameter.

From the Hamiltonian it follows that 1f the
radiation field 1is =zero, the particles perform
transverse betatron oscillations with the frequency
o. By switching on the electric field, this
transverse motion couples to longlitudinal oscillations
due to the ponderomotive force, so that, in general,
the particle orbits are three-dimensional. For a long
enough wiggler and for a certain range of the
parameters and the initial conditions, this coupled
motion may lead to a detrapping of some particles from
the ponderomotive potential. Here we study this
effect.

The number of free parameters in (1) can be
reduced by redefining the ti
Pas 5
R = (mIZQ/a )

The Hamiltonian now has the form

me t = tpt and (x,y) =

R(x,¥), where t /3 4R = (aml/MZ)I/?,.

2
P
1 52 52 X 1 2.°2 ~2
H-—-Z-(PX+Py+———-2K)+7-K(X +y7)
- 2k(x cosy + y siny) , (2)
where ¢k = t_a. In terms of the polar coordinates, the

Hamiltonian (2) can be written

P2 P2
_lgp2 78 Txy Ll 22
H 7—(Pr + ;7-+ 7EJ + 7 KT 2kr cos(x—6) . (3)

We can achieve a reduction in the degrees-
of-freedom in the Hamiltonian by performing the
following contact transformation, using a generating
function

(&

F = (x—B)Pw + SP¢ ,
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where P, and P, are new canonical momenta. Making use
of the standa?d transformation formulae relating the
old to the new coordinates, we write ¢ = 6,
$=x-86,P =P ,and P, =Py +P . In the
coordinates, the ﬁamiltonign has thexfollowing form

new

2 2
P (P, - P )
12,y BTy 122
H=5 (Pr T = ) + 5 kT 2krcosy .
(5)

It is to be noted that since the Hamiltonian (5) is
independent of ¢, the conjugate momenta P, is a
constant of the motion. The reduction gf the
Hamiltonian (3) from three degrees—of-freedom to two
degrees-of-freedom is a manifestation of the helilcal
symmetry of the electron motion in the continuously
rotating quadrupole wiggler. We call P¢ the helical
momentum.

We can achieve a deeper insight into the
problem by expressing the Hamiltonian in terms of
action-angle variables. The details of the calcula-
tion will be described in the later publication. Here
we present the final results; the new Hamiltonian has
a form

2
b

m

P

H=xJ+ K(P¢ - PW) +

- 2K [[f%;b cos¥ + (é%EJcos(E + 200] , (6)
where J and p are action, angle coordinates
3= 3 k(a+B), ana ¥ = ¥ - o + arctg  tgp, with
2 2 2
I A L L e LR
and
2 2 2
BS = Jg |7+ e 17+ (g, Ml
where
2 _ |p? . 2 2
e, 1% = B2 + [xx + (B, = PO /r)"}/hx
and
2 52 _ _ 2 2
|2 1% = {e2 + [xc - (2, - R)/EITHT L (D)
The complex functions &, and §_ are related to the

transverse motion of the particles by the formula

T

£y = €, (0™ 4 g (e ®

where

i8
re .

£ =

Using (6), we estimate the location of the
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two primary resonances y = 0 and $ + 25 = (0, namely

P =+ 2 KZ .

‘b’+

(9

This result was evidenced in the linear theory® where
it was observed that the gain peaked when the mismatch
frequency Aw coincided with the betatron frequency

Aw + o = 0.

Assuming that the resonances are well
separated and k is big, then in the neighborhood of

$ = (0, the Hamiltonian (6) can be approximated
pi _
H=xJ + K(P¢ - PW) + T " k(A + Blcosy . (10)

Similarly, in the neighborhood of E + 20 =
obtain

0, we

2
P
. _ VA v
H= xJ + K(P¢ Pw) + T < (A-B)cos(d + 2p) .
(11)
The widths of the resonances are
B+A 1/2
pr):- bx T) . (12)

Now we can apply Chirikov resonance overlap
criterion!? to estimate the onset of global stochasti~
city. According to this criterion, two resonances
will overlap, provided that the sum of their
respective halfwidths is larger than their relative
spacing. In our case it follows from (9) and (12)
that

s = [(a+8)/2112 + (B-my/21M2 3 o . (13)

More precise study of the overlap requires
numerical solution of Hamilton”s equations using
surface of sectlion techniques. We choose Hamiltonian
(5) to generate the equations of motion. We assume
electrons are injected with P =0, P =P, , T = 2.8,
and ¢ uniformly distributed between 0 gnd 2%
initially. We record the points of intersection of a
given trajectory with the plane P =20 (only the
points with > 0 are recorded). he surface of
section for the case of « = 10 is shown in Fig. (la).
It is seen that the orbits in this case lie on smooth
curves implying the existence of an additional con-
served quantity. 1In fact, in the case of large ¥
the equations of motion may be further reduced and
solved by quadrature.9 This third constant of motion
(in addition to P, and H) turns t to be approximate-
ly IE |ﬁ for P ﬁ - Zki{and [E ﬁf for P, = +2Kf. The
behavfor pictu%ed here is quaiitativel the same as
that predicted by the pendulum equation. As « is
decreased we note that the motion for some initial
conditions becomes irregular. Figures 1lb and lc show
the cases of xk = 4 and ¥ = 2, respectively. For
k = 4, there is a region where all the orbits are
bounded. A six-island chain separates this region
from the stochastic region, and then particles with
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the circulating orbits For « = 2 all the

orbits are stochastic.

appear.,

In principle, particles can remaln trapped
even though their trajectories are stochastic. This
occurs because counservation of the Hamiltonian
restricts the values of ¢ which the particles can
have. Thus, for example, 1f ¥ = + m is inaccessible,
the particle will remain trapped. There are other
particles which follow a stochastic orbit and become
untrapped, but the changes in ¥ remain modest. The
above study is only relevant if a tapered quadrupole
wiggler 1is under counsideration. If a wvariable
parameter wiggler is introduced the helical momentum
P 1s no longer a constant and the 3-D Hamiltonian can
ngt be reduced to the 2-D Hamiltonian. However, 33 we
showed b fore,9 if the conditions for the P, = 2«“ or
P, = -2k resonance are satisfied, the pé&ticles 1f
i*itially trapped will stay trapped.

Thus we found that for large values of k the
electrons initially trapped in the beat wave potential
well will remain trapped. This is consistent with the
estimate. Approximating the left-hand side of (13) by
/T and using the formulas for x, t,, and R and the
definitions for a, M, and o, Eq. (133 becomes

2 1
(L+8)/ +8y) & (qub) 2 (By/Eqg) »  (14)
where ry, is the electron beam radius.
For most practical cases (l14) 1is very

difficult to satisfy. Therefore, within the bounds of
the physical model the betatron-synchrotron resonance
in the quadrupole FEL will not introduce significant
threat for the operation.
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