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Abstract: Efficient and accurate estimateof high-brightness electronbeam dynamics is an importantstep to the overallperformance evaluation inmodern
particle accelerators. Utilizing themomentdescription to study multi-particle beam dynamics, it is necessary to develop a path-dependent transport matrix,
together with applicationof the drift-kick algorithm. In this work we construct semi-analytical models for two typicalbeam transport elements, solenoid with
fringe fields and transversedeflectingcavity(TDS). To construct the semi-analytical models for these elements, we begin byformulatingthesimplified single-
particle equations of motion, and apply numerical techniques to solve the correspondingsix-by-six transportmatrix as afunction of the path coordinate. The
developed semi-analytical models are demonstrated with practical examples, where the numerical results are discussed, compared with and validated by
particle tracking simulations. These path-dependent transport matrix models can be incorporated to the analysis based on beam matrix method for the
application to high-brightness charged-particle beam transport.
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Semi-analytical	models	for	transverse	deflecting	cavity
Assume the longitudinal B field is collinear with z,

within transverse 4D phase space coordinate (x,x’,y,y’)

Transform to Larmor frame,

Given A, we can solve for M at each s (in Larmor frame), then
transform back to Lab frame by

Note: the longitudinal components are treated as a drift

* jcytsai@hust.edu.cn

Assume	TM110 mode

From Lorentz equation, we havesolve6-D phase space coordinates for
representative particles

Extract the 6x6 transportmatrix elements
via

Ø Pure-optics linear transport Vlasov equation centroid& envelope equation

Ø Space chargemodel, bulk and slice beammatrix descriptionandpropagation: C.-Y. Tsai et al., NIMA 937 1-20 (2019)
ü available transport elements: RFcavity, sector/rectangulardipole, quadrupole, hard-edge solenoid, beam slit

Ø s-dependent transport matrix is required for high-brightness beam dynamics study

Beam	moment	description	for	multi-particle	dynamics

dynamics and mean-field space charge models, we will derive the equations of203

motion for the beam moments from collisionless Boltzmann equation (or Vlasov204

equation, or Jeans equation) [48] in Sec. 4. The beam moment formalism is205

in principle equivalent to the envelope equations for both transverse and lon-206

gitudinal dimensions, discussed in Sec. 4.2 and 4.3, respectively. In Sec. 4.4,207

the concept of the beam matrix is extended from the bulk of a beam to beam208

slices, where we relate them by considering a doubly truncated bivariate normal209

(Gaussian) distribution. Then in Sec. 5, two examples, adopted with slight mod-210

ification from Ref. [42], are demonstrated. The beam dynamics associated with211

the examples is discussed and the results are compared with particle tracking212

simulation by ASTRA [49] with and without space charge e↵ects. This paper213

concludes with a brief summary of the work and a discussion of possible future214

extensions.215

2. Single-particle dynamics and transport matrix216

2.1. General matrix formalism217

We begin by defining the six-dimensional phase space coordinateX = (x, x0
, y, y

0
, z, z

0),218

where (0) denotes d/ds, with s the global longitudinal path coordinate. Here x219

and y (x0 and y
0) are, respectively, the transverse horizontal and vertical particle220

coordinate (divergence) with respect to the reference particle, and z is the local221

longitudinal bunch coordinate relative to the bunch centroid. In our notation,222

we assume that z > 0 refers to the bunch head. Here z
0 can be related to the223

relative energy deviation � = �p/p by z
0 = ��

�
�
2
�
3 = �

�
�
2, where � and �224

are Lorentz relativistic factors.225

The single-particle dynamics can be determined by the Hamiltonian of a226

system. The explicit expression is not of our current interest; therefore it is227

simply denoted H here. From Hamilton’s equation of motion,228

dX

ds
= J

@H

@X
= AX, (1)
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Moreover, from Eqs. (1) and (3) we have236

dM

ds
= AM, (7)

where the evolution of M along s is governed by A.237

In this subsection we have obtained Eq. (7), which will be used later to238

evaluate the longitudinal transport matrix for accelerator beamline elements. In239

addition, we will employ the symplecticity constraints, Eqs. (6), to determine240

the transverse-longitudinal correlation coe�cients of the transport matrix for241

the sector dipole (see Appendix).242

2.2. Longitudinal dynamics243

In this subsection, we will study the longitudinal single-particle dynamics in244

the presence of the particle acceleration by an external electric field. For this, let245

us define t as the local longitudinal bunch temproal coordinate and the relative246

coordinate �t refers to the di↵erence of arrival time of a certain particle with247

respect to the reference particle. Together with the quantity z defined earlier,248

the bunch head refers to �t < 0 as z = ��c�t. The equations of motion for249

the longitudinal phase space variables t and � are250

dt

ds
=

1

c�(s)
=

�

c

p
�2 � 1

, (8)

where c is the speed of light in vacuum, � and � are the Lorentz relativistic

factors. The particle energy can be expressed as

d�

ds
= Re

⇥
�̃
0
e
i!rft

⇤

=
e

���Ẽz(s)
���

mc2
cos (!rft+ �0) = 2krf↵ cos (!rft+ �0) , (9)

where e is the unit charge (for electron, e < 0), m is the electron rest mass,251

�̃
0 = d�̃/ds = eẼz

.
mc

2, with Ẽz the (complex) electric field phasor. The252

modulus (or magnitude)
���Ẽz

��� gives the longitudinal electric field profile. Here253

!rf = ckrf is the operating (angular) frequency of an accelerating structure, e.g.,254

RF cavity. For DC accelerating structure, !rf ! 0. In Eq. (9), �0 is the initial255
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Figure 2: Dependence of the resultant electron beam parameters on Nmax. The initial beam

and RF parameters are summarized in Table 1. The beam pipe radius is set 1.5 cm. In the

following calculations we choose Nmax = 15.

formalism, which assumes the bulk of a beam. It is straightforward to show that523

the beam matrix method in principle is equivalent to the envelope formalism,524

both in the transverse and longitudinal dimensions. We prove this statement in525

the absence of space charge field. However it is no doubt that it also holds in the526

presence of space charge field. Then we extend the concept of the beam matrix527

from a bulk beam to beam slices, and find out the relation between them.528

4.1. General formalism529

It is known that the motion of a collection of charged particles in an elec-530

tromagnetic field can be described as the state of its phase space distribution.531

Under the mean-field approximation, the phase space distribution function, de-532

noted as f(X; s), is governed by the collisionless Boltzmann equation or Vlasov533

equation,534

df

ds
=

@f

@s
+

✓
@f

@X

◆T
dX

ds
= 0, (68)

where the phase space distribution function f [not to be confused by Eq. (59)]535

is normalized according to
R
f(X)dX = 1. Direct numerical solution of f can536

be an extremely challenging task and we do not plan to do so in this paper.537
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Instead, we identify the moments of f , and study the evolution of the moments.538

The moment hg(X)i can be generally defined as hgi =
R
g(X)f(X)dX. For our539

current interest, it is su�cient to consider up to the second moments. The first540

moments represent the centroids of the beam, and the evolution equation can541

be obtained by Eq. (3)542

hX(sf )i = M(si ! sf ) hX(si)i . (69)

The second moments may be defined as ⌃ =
⌦
XXT

↵
, where T in the su-543

perscript denotes the transpose of the matrix. Equation (69) is also named as544

the correlation matrix. The other definition, which will be used throughout the545

paper, is the covariance matrix,546

⌃ =
D
(X� hXi) (X� hXi)T

E
. (70)

Hereafter the definition of the beam matrix refers to Eq. (70), unless stated547

otherwise. Equation (70) may be expressed in a more familiar way to the accel-548

erator community as549

⌃ =

0

BBBBBBBBBBBB@

�
2
x �xx0 �xy �xy0 �xz �xz0

�
2
x0 �x0y �x0y0 �x0z �x0z0

�
2
y �yy0 �yz �yz0

�
2
y0 �y0z �y0z0

�
2
z �zz0

�
2
z0

1

CCCCCCCCCCCCA

, (71)

where the lower-triangle matrix elements are symmetric and thus dropped. A550

relevant quantity, the energy chirp, is defined as h = �zz0
�
�
2
z . The energy spread551

in our notation, �z0 , can be related to that commonly used �� by �
2
z0 = �

2
�

�
�
2.552

Given the beam matrix, we have the equation of motion for ⌃, similar to Eq.553

(1)554

d⌃

ds
= A⌃+⌃AT

, (72)

and, to first order, we have,555

⌃(sf ) = M(si ! sf )⌃(si)M
T (si ! sf ), (73)

analogous to Eq. (3).556
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Note that in the above formulation, the beam sigma matrix ⌃ is character-204

istic of a bulk of the particle beam. This whole formulation can be extended205

to that for a set of longitudinal bunch slices, with proper modification of the206

normalization condition Eq. (7). In principle the analysis based on the slice207

beam matrix method is valid for an arbitrary longitudinal bunch distribution.208

The interested reader is referred to Ref. [7, 36] for more details.209

3. Semi-analytical models for relevant beam transport elements210

In this section we will construct semi-analytical models for three practical,211

but not very often seen in traditional accelerator physics textbooks, transport212

elements as a function of s. Combined with the results obtained in Sec. 2 [Eq.213

(12)], we will apply these models for beam dynamics studies during the particle214

transport.215

3.1. Solenoid with fringe field216

First, we construct the s-dependent transport matrix for a solenoid with217

existing fringe fields. Assuming the longitudinal magnetic field Bs is collinear218

with z, to first order in the spatial (circular cylindrical) coordinate, we have219

the radial and azimuthal magnetic field components Br ⇡ �
r
2B

0
s and B' = 0,220

respectively. Here r is the radial distance from the solenoid axis. Written in221

Cartesian coordinate, we have222

B =

✓
�
1

2
B

0
sx,�

1

2
B

0
sy,Bs

◆
. (13)

Neglecting the longitudinal e↵ect of the solenoid, which is of the second or-

der [33], we can write down the single-particle equations of motion in the trans-

verse phase space coordinate X4D = (x, x0
, y, y

0) as [33]

x
00 = S(s)y0 +

1

2
S
0(s)y, (14a)

y
00 = �S(s)x0

�
1

2
S
0(s)x, (14b)

where S(s) = eBs(s)/�m�c = Bs(s)/[B⇢] with [B⇢] the beam rigidity. The223

formula [B⇢] (T-m) = 3.3356⇥ �E(GeV) can be of practical use.224
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The single-particle dynamics can be qualitatively described as follows. For225

an electron not initially immersed in the solenoid, assuming that it executed226

a drift motion right before it entered the solenoid region (the entrance fringe-227

field region), it will still execute a drift motion right after it leaves the solenoid228

region (the exit fringe-field region). While the electron entered the solenoid229

fringe field region, it experienced a radial magnetic field Br due to the change230

of Bs, received an azimuthal momentum, and executed a helical motion along231

s. When the electron goes into the uniform flattop field region, where S
0 = 0,232

the azimuthal momentum still exists, the helical particle motion proceeds with233

respect to the solenoid axis with Larmor frequency !L = |e|Bs(s)/�m, and234

the transverse momentum remains constant. Notice that the electrons rotate235

about an axis passing through the center of their individual circular trajectories236

with the cyclotron frequency, which is twice of Larmor frequency [37]. When the237

electron beam traverses the uniform field region, depending on the solenoid field238

amplitude, it may experience periodic focusing (or defocusing) in both trans-239

verse directions. Upon the departure of the uniform field region, it will receive240

an additional radial magnetic field (due to the change of Bs) then, resulting241

in the equal and opposite azimuthal momentum to the incoming one. The two242

azimuthal momenta received at the entrance and exit of the solenoid will cancel243

each other and the outgoing electron does no longer rotate. Here we note that if244

the electron beam experiences a net focusing or defocusing during transport in245

the solenoid, it may obtain an additional beam divergence, though the x�y and246

x � y
0 coupling vanish. We recommend that the interested reader to Ref. [37]247

for a more detailed discussion of single-particle dynamics in a solenoid magnetic248

field.249

For convenience of the subsequent analysis, we try a coordinate rotation in250

complex notation by defining ⌘L = x + iy, with the subscript L denoting a251

(complex) quantity in Larmor frame. Equation (14) now becomes252

d

ds

0

@
⌘L

⌘
0
L

1

A =

0

@ 0 1

�
i
2S

0(s) �iS(s)

1

A

0

@
⌘L

⌘
0
L

1

A = A

0

@
⌘L

⌘
0
L

1

A . (15)

11where259

R (Lab ! Larmor) =

0

BBBBBB@

cos�✓L 0 sin�✓L 0

��✓
0
L sin�✓L cos�✓L �✓

0
L cos�✓L sin�✓L

� sin�✓L 0 cos�✓L 0

��✓
0
L cos�✓L � sin�✓L ��✓

0
L sin�✓L cos�✓L

1

CCCCCCA
,

(20)

with Larmor angle defined as �✓L = �
1
2

sR
s0

S(⇣)d⇣. Here positive Bs gives260

positive Larmor angle (e < 0).261

From the above analysis, given the longitudinal magnetic field profile Bs, we262

can numerically solve Eq. (17) [by using a standard finite di↵erence scheme, for263

example] to obtain ML(s). Multiplying the inverse matrix of Eq. (20) with the264

obtained ML(s) and appending the longitudinal block matrix as a drift section of265

the length ranging from s = 0 to s = Lsol thus gives the 6⇥ 6 transport matrix266

Msol(s) for the solenoid. The resulting transport matrix is s-dependent and267

includes the e↵ect of fringe fields. Due to the s-dependence, if there exists any268

upstream transport element from the solenoid, the resultant transport matrix269

from the solenoid entrance s = s1 should be adjusted according to M(s) =270

Msol(s1 ! s)M(s0 ! s1), where s0 is at the entrance of the upstream known271

transport element M(s0 ! s1). Before ending this subsection we comment that,272

upon construction of the solenoid transport matrix with fringe fields, Migliorati273

and Dattoli [39] proceeds with analytical analysis of Eq. (17) by introducing274

the umbral variable and gave an exact solution to Eq. (17) as a function of s.275

3.2. Transverse deflecting structure276

As the second practical transport element, we consider the time-dependent277

transverse deflecting structure (TDS). TDS is in general an open-cavity metallic278

structure, in which the electromagnetic energy can be stored. Such a structure279

supports a transverse oscillating magnetic field, which can deflect the passing280

electrons. TDS will introduce a correlation of a transverse momentum to the281

longitudinal position within the bunch. Therefore it can be expected that such282

transport matrix elements have non-vanishing transverse-longitudinal correla-283
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Figure 1: The normalized longitudinal solenoid magnetic field Bs as a function of s. Here we

assume  = 0.01 m and the total length of solenoid Lsol = 0.1 m.

middle and bottom rows are the corresponding matrix elements transformed383

back to the Lab frame according to Eq. (20). Because of cylindrical symmetry,384

the M33,M34,M43, and M44 (in y plane) are identical to the horizontal block385

diagonal matrix elements (in x plane), and the M31,M32,M41, and M42 are with386

an opposite sign to their horizontal counterparts. The longitudinal transport387

matrix elements are the same as a drift and not shown here.388

Thus far we have obtained the 6⇥ 6 single-particle transport matrix for the389

solenoid as a function of s. Now we can evaluate the multi-particle beam dy-390

namics by propagating the beam sigma matrix according to Eq. (7), illustrated391

in Fig. 3. In this paper since the emphasis is placed on the construction of the392

semi-analytical transport matrix, the collective beam interaction is not included393

for the moment. In Fig. 3(a) we can see that in the given solenoid parameters394

the electron beam undergoes a weak focusing in the solenoid, as explained in395

Sec. 3.1. In Figs. 3(b,c) we find that, at the solenoid entrance (s ⇡ 0.02 m), the396

electron beam received an angular kick and coupling between the transverse x397

and y planes. The coupling would vanish once the electron beam traverses at the398
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Figure 2: Selected transport matrix elements as a function of s for a solenoid. The longitudinal

field profile is given by Fig. 1. The top row subplots are those in Larmor frame (with real

and imaginary parts); the middle and bottom rows are in the Lab frame.

21Figure 3: (a) Transverse rms beam size as a function of s; (b) transverse rms beam divergence

as a function of s; (c) transverse x�y0 correlation as a function of s; (d) transverse emittances

as a function of s. Here the black solid lines are obtained from our semi-analytical models

and green dashed lines from ASTRA. In ASTRA, we use the ordinary phase space coordinate

instead of the canonical one. Therefore one can see the change of the transverse horizontal

emittance in Fig. 3(d). The red line in Fig. 3(d) refers to the transverse 4-D emittance, which

is conserved along s.

exit of the solenoid (s ⇡ 0.08 m). As was mentioned in Sec. 3.1, the net focusing399

or defocusing will result in an additional beam divergence at the solenoid exit.400

Compared with �x0 at the entrance and exit, there is indeed a small increase401

but negligible in the given numerical setup. The emittance growth in Fig. 3(d)402

in the solenoid is due to the use of the non-canonical coordinate, and caused403

by the induced angular momentum ±eBs/2. The solenoid itself introduces a404

coupling between x and y planes. In other words, if considering the transverse405

4-D beam matrix, the emittance ✏4D remains constant through the solenoid. In406

Fig. 3 we also compare our semi-analytical calculation with particle tracking407

simulations by ASTRA [9] and obtain a good agreement.408

Having obtained the solenoid transport matrix and the evolution of beam409

22

Figure 4: (Left) beam size and (right) beam divergence at the exit of the solenoid as a function

of the field strength. In the numerical setup, for the solenoid  = 0.01 m and Lsol = 0.1 m.

The initial beam size is assumed 0.5 mm, with the normalized emittance 1 µm.

properties along s, we may vary the solenoid field amplitude Bz0 to see the410

dependence of the transverse beam size and divergence at the exit. Figure 4411

shows the results from our semi-analytical calculation with comparison of par-412

ticle tracking simulation [9]. From the left panel we can see that there exists413

an optimal Bz0 so that the waist of the electron beam is formed at the solenoid414

exit. This will definitely introduce an additional beam divergence [the right415

panel of Fig. 4]. Further increase of the solenoid field amplitude will result in416

stronger focusing on the electron beam (the beam waist occurs earlier in the417

solenoid) in both transverse planes and larger induced beam divergence at the418

exit. Comparison with particle tracking simulation (blue dots in Fig. 4) shows419

a good agreement except for larger Bz0, where we think that the deviation may420

stem from the slightly di↵erent count of Larmor angle in our semi-analytical421

model [defined below Eq. (20)] from the more accurate calculation by ASTRA,422

in which the on-axis and o↵-axis particles will receive slightly di↵erent Larmor423

angles.424

23

  

κ = 0.01,  Bz0 = 0.05 T
3 MeV, σ x = 0.5 mm, εnx = 1 µm

4. Comparison with numerical particle tracking simulations356

In the previous section we have constructed semi-analytical models for the357

transport matrices of the solenoid and TDS. We also summarized the formulas358

for the change of beam sigma matrix after a beam slit. These semi-analytical359

models provide us an e�cient way to evaluate the evolution of 6-D beam phase360

space characteristics, i.e., the beam matrix. In this section we will demonstrate361

the three corresponding practical examples by applying the developed mathe-362

matical models, compare, and validate the numerical calculations with particle363

simulation results.364

4.1. Solenoid with fringe field365

For the case of a solenoid with fringe field, according to Sec. 3.1, a longitu-366

dinal magnetic field profile Bs along s is required, constructed as follows367

Bs(s) = Bz0

erf
⇣

s�Lsol/4


⌘
� erf

⇣
s�3Lsol/4



⌘

2erf
�
Lsol
2

� , (37)

where Bz0 is the uniform flattop field amplitude, Lsol is the total length of the368

solenoid, and  is characteristic of the (symmetric) fall-o↵ fringe fields. In Eq.369

(37), the smaller the  is, the sharper the edge field will be. In the following370

numerical example, we choose  = 0.01 and Lsol = 0.1 m. The uniform field371

amplitude may vary. Figure 1 shows the normalized longitudinal magnetic field372

in the solenoid.373

Given Bs(s), S(s) can be obtained [S is defined below Eq. (14)]. According374

to Eq. (17), the 4 ⇥ 4 transport matrix in Larmor frame can be numerically375

integrated. Transforming back to the Lab frame by Eq. (20) and appending376

the longitudinal block matrix as a drift section give the 6⇥6 solenoid transport377

matrix as a function of s.378

The selected matrix elements are shown in Fig. 2. In the numerical setup, the379

uniform flattop Bz0 is assumed 0.05 T, the total length of the solenoid Lsol = 0.1380

m, and the beam energy is set 3 MeV. The top row subplots are the evaluated381

2 ⇥ 2 ML with (⌘L, ⌘0L) in Larmor frame (with real and imaginary parts); the382

19

tion coe�cients. Recently TDS has already received more and more attentions284

in a wide variety of applications in particle accelerator systems. For example,285

TDS can be applied to single-shot time-resolved measurements in ultrafast elec-286

tron di↵ractometer [39], ultrashort bunch length measurement or phase space287

diagnostics [40], and beam chopping schemes [41, 42].288

Let us begin by considering a circular-cylindrical cavity with TM110 mode.

The explicit field expressions can be written as [43, 44]

Ez = �
2B0!


J1(r) cos ✓ sin(!t+ �0), (21a)

Br =
2B0

r
J1(r) sin ✓ cos(!t+ �0), (21b)

B✓ = 2B0J
0
1(r) cos ✓ cos(!t+ �0), (21c)

where  = j1,1/R, the first root of the Bessel function J1 = 0. Here j1,1 ⇡ 3.832.289

R is the radius of the cavity. In Eq. (21), B0 is the transverse magnetic field290

amplitude, ✓ is the azimuthal angle, and �0 is the initial phase seen by the291

passing electron at the entrance of TDS.292

For r ⌧ 1, we have J1(r) ⇡ r/2, J 0
1(r) ⇡ 1/2 and the fields inside TDS

can be approximately expressed as

By = B0 cos (!t+ �0) , (22a)

Ez = �B0!x sin (!t+ �0) . (22b)

Given the simplified field expressions Eq. (22), we may construct the single-

particle equations of motion based on Lorentz force equation. Let us write

the 6-D phase space coordinate as X = (r,p). Then we have dp/dt = F =

�e (E+ c� ⇥B) and dr/dt = p/�m, � = 1
.p

1� �2,� = v/c. The explicit

expressions for the equations of motion are

dpx

dt
= evzB0 cos (!t+ �0) , (23a)

dpy

dt
= 0, (23b)

dpz

dt
= eB0!x sin (!t+ �0) + evxB0 cos (!t+ �0) , (23c)

dx

dt
=

px

�m
,
dy

dt
=

py

�m
,
dz

dt
=

pz

�m
. (23d)
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as a drift section of the length ranging from s = 0 to s = Lsol
thus gives the 6⇥6 transport matrix Msol(s) for the solenoid.
The resulting transport matrix is s-dependent and includes
the e�ect of fringe fields. Here we comment that, as for
construction of the solenoid transport matrix with fringe
fields, Migliorati and Dattoli [4] proceeds with analytical
analysis of Eq. (3) by introducing the umbral variable and
gave an exact solution to Eq. (3) as a function of s.

Transverse deflecting structure (TDS)
Let us consider a circular-cylindrical cavity with TM110

mode. The explicit field expressions can be analytically
obtained [5, 6]. Under paraxial approximation the fields
inside TDS can be approximately expressed as By =
B0 cos (!t + �0) and Ez = �B0!x sin (!t + �0) (�0 is the
initial phase seen by the passing electron at the entrance
of TDS). Given the simplified field expressions, we may
construct the single-particle equations of motion based on
Lorentz force equation. Let us write the 6-D phase space
coordinate as X = (r, p). Then we have dp/dt = F =
�e (E + c� ⇥ B) and dr/dt = p/�m, � = 1

.p
1 � �2, � =

v/c. The equations of motion can be explicitly written as

dpx

dt
= evzB0 cos (!t + �0) ,

dpy
dt
= 0, (6a)

dpz
dt
= eB0!x sin (!t + �0) + evxB0 cos (!t + �0) , (6b)

dx
dt
=

px

�m
,

dy
dt
=

py
�m
,

dz
dt
=

pz
�m
. (6c)

Having obtained the single-particle equations of motion, we
will track a few representative particles at each location s,
and then extract the total of 36 transport matrix elements (at
each s). We will illustrate the numerical procedures below.
For simplicity, we only consider the 4-D (x, x 0, z, z0) case. It
is straightforward to extend to 6-D case by including (y, y0).
Assume we have sixteen independent representative parti-
cles, of which the individual 4-D phase space coordinate
denotes X(i)

4D =
⇣
x(i), x 0(i), z(i), z0(i)

⌘
, where i = 1 ⇠ 16. Our

goal is to find the sixteen transport matrix elements corre-
sponding to Eq. (6). For a total of sixteen representative
particles, the full set of linear transport equations can be
written as Zi

16⇥16Ri! f
16⇥1(s) = Z f

16⇥1(s), where Zi
16⇥16 con-

tains four block diagonal matrices with

Zi
16⇥16 =

©≠≠≠≠
´

Z(1�4)
4⇥4 0 0 0
0 Z(5�8)

4⇥4 0 0
0 0 Z(9�12)

4⇥4 0
0 0 0 Z(13�16)

4⇥4

™ÆÆÆÆ
¨
, (7)

with Z(1�4)
4⇥4 =

h
X(1)

4D X(2)
4D X(3)

4D X(4)
4D

iT
.

Since Zi
16⇥1 is given and Z f

16⇥1(s) are already obtained
by numerically integrating Eqs. (6), we can find Ri! f

16⇥1(s)
at each s by inverting Zi

16⇥16. The standard form of 6 ⇥ 6
transport matrix (at each s) can be obtained by reshaping

Ri! f
16⇥1(s). Here we note that an excellent and thorough dis-

cussion of beam dynamics in a TDS and its practical cavity
cell design can be found in Ref. [7] using particle tracking
simulation ASTRA [8].

NUMERICAL COMPARISONS
Solenoid with fringe field

For the case of a solenoid with fringe field, a longitudinal
magnetic field profile Bs along s is constructed as follows

Bs(s) = Bz0

erf
⇣
s�Lsol/4



⌘
� erf

⇣
s�3Lsol/4



⌘

2erf
⇣
Lsol
2

⌘ , (8)

where Bz0 is the uniform flattop field amplitude, Lsol is the
total length of the solenoid, and  is characteristic of the
(symmetric) fall-o� fringe fields. In Eq. (8), the smaller
the  is, the sharper the edge field will be. In the following
numerical example, we choose  = 0.01.

Given Bs(s), S(s) can be obtained. According to Eq. (3),
the 4⇥4 transport matrix in Larmor frame can be numerically
integrated. Transforming back to the Lab frame by Eq. (5)
and appending the longitudinal block matrix as a drift section
give the 6 ⇥ 6 solenoid transport matrix as a function of s.
In the following numerical setup, the uniform flattop Bz0 is
assumed 0.05 T, the total length of the solenoid Lsol = 0.1
m, and the beam energy is set 3 MeV. Having obtained the
6 ⇥ 6 single-particle transport matrix for the solenoid as
a function of s, we can evaluate the multi-particle beam
dynamics by propagating the beam sigma matrix according
to the method outlined in Ref. [1], illustrated in Fig. 1. In
the figure we also compare our semi-analytical calculation
with particle tracking simulations by ASTRA [8] and obtain
a good agreement.

Figure 1: (a) Transverse rms beam size as a function of s;
(b) transverse rms beam divergence as a function of s; (c)
transverse x� y0 correlation as a function of s; (d) transverse
emittances as a function of s. The red line in (d) refers to
the transverse 4-D emittance, which is conserved along s.

Having obtained the solenoid transport matrix and the evo-
lution of beam properties along s, we may vary the solenoid
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Figure 5: Selected transport matrix elements as a function of s for a transverse deflecting

cavity. Not shown here, the vertical counterparts are simply the same as a drift. The red

squares at the exit of each subplots are those evaluated according to the analytical formulas

by van Rens et al. [43].

di↵erences.454

Figures 6 and 7 draw typical beam characteristics as a function of s (assume455

B0 = 0.05 T) and the dependence on the deflecting strength B0 at the exit,456

respectively, provided the TDS transport matrix elements are given in Fig. 5.457

Since the TDS introduces a transverse momentum to the beam, this momentum458

will lead to possible increase of beam size via x�x
0 correlation M12 [see Fig. 5].459

Moreover this transverse momentum varies with time (or, s), which means that460

the transverse defocusing strength varies along s, and can eventually lead to461

growth of projected beam emittance, as shown in Fig. 6(a)-(c). Figure 6(d)462

depicts the evolution of bunch length in TDS, where a slight decrease is found.463

Figure 7(a) shows the dependence of the beam size on the TDS deflecting464

strength, where our semi-analytical model appears to overestimate the trans-465
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Figure 7: Dependence on the magnetic deflecting field for (a) beam size and; (b) beam emit-

tance; (c) bunch length; (d) the relative energy spread, at the exit of the TDS. The numerical

setup follows those in Fig. 5. The initial beam size is assumed 0.16 mm, with the initial trans-

verse normalized emittance 0.1 µm. The black lines are obtained from our semi-analytical

model, the blue lines from the analytical formulas by van Rens et al. [43], and the red dots

from particle tracking simulation ELEGANT.

GANT tracking. From the comparisons, we find some beam characteristics, �z,480

is consistent among the three approaches; in the meanwhile other characteristics481

may be given with di↵erent results for di↵erent methods. More detailed stud-482

ies, including the underlying assumptions for di↵erent models including particle483

tracking and semi-analytical calculation, will be necessary to investigate the484

beam dynamics in the TDS.485

4.3. Beam slit486

As the third transport element, the beam slit or pinhole, we will demonstrate487

a simplified beam transport line with two square slits. We place three drift488

sections, with 0.1 m for each, at the beginning, between the slits, and at the489

end. The total length of the transport line is then 0.3 m, where the thin-lens490

beam slits are located at s = 0.1 and 0.2 m. The full widths of the first and the491

27

Figure 7: Dependence on the magnetic deflecting field for (a) beam size and; (b) beam emit-

tance; (c) bunch length; (d) the relative energy spread, at the exit of the TDS. The numerical

setup follows those in Fig. 5. The initial beam size is assumed 0.16 mm, with the initial trans-

verse normalized emittance 0.1 µm. The black lines are obtained from our semi-analytical

model, the blue lines from the analytical formulas by van Rens et al. [43], and the red dots

from particle tracking simulation ELEGANT.

GANT tracking. From the comparisons, we find some beam characteristics, �z,480

is consistent among the three approaches; in the meanwhile other characteristics481

may be given with di↵erent results for di↵erent methods. More detailed stud-482

ies, including the underlying assumptions for di↵erent models including particle483

tracking and semi-analytical calculation, will be necessary to investigate the484

beam dynamics in the TDS.485

4.3. Beam slit486

As the third transport element, the beam slit or pinhole, we will demonstrate487

a simplified beam transport line with two square slits. We place three drift488

sections, with 0.1 m for each, at the beginning, between the slits, and at the489

end. The total length of the transport line is then 0.3 m, where the thin-lens490

beam slits are located at s = 0.1 and 0.2 m. The full widths of the first and the491

27

Figure 7: Dependence on the magnetic deflecting field for (a) beam size and; (b) beam emit-

tance; (c) bunch length; (d) the relative energy spread, at the exit of the TDS. The numerical

setup follows those in Fig. 5. The initial beam size is assumed 0.16 mm, with the initial trans-

verse normalized emittance 0.1 µm. The black lines are obtained from our semi-analytical

model, the blue lines from the analytical formulas by van Rens et al. [43], and the red dots

from particle tracking simulation ELEGANT.

GANT tracking. From the comparisons, we find some beam characteristics, �z,480

is consistent among the three approaches; in the meanwhile other characteristics481

may be given with di↵erent results for di↵erent methods. More detailed stud-482

ies, including the underlying assumptions for di↵erent models including particle483

tracking and semi-analytical calculation, will be necessary to investigate the484

beam dynamics in the TDS.485

4.3. Beam slit486

As the third transport element, the beam slit or pinhole, we will demonstrate487

a simplified beam transport line with two square slits. We place three drift488

sections, with 0.1 m for each, at the beginning, between the slits, and at the489

end. The total length of the transport line is then 0.3 m, where the thin-lens490

beam slits are located at s = 0.1 and 0.2 m. The full widths of the first and the491

27

Analytical	 results	 by
van	Rens et	al. ,	
Ultramicroscopy
184 77-89	 (2018)

Tracking	 results	 by
ELEGANT


