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Abstract 
An electron beam based cooling system for the ion beam 

is one of the commonly used approaches. The proposed 
two–energy storage-ring electron cooler consists of damp-
ing and cooling sections at markedly different energies 
connected by an energy recovering superconducting RF 
structure. The parameters in the cooling and damping sec-
tions are adjusted for optimum cooling of a stored ion beam 
and for optimum damping of the electron beam respec-
tively. This paper briefly describes a two cavities model 
along with a third cavity model to accelerate and decelerate 
the electron beam in two energy storage ring. Based on our 
assumed value of equilibrium emittance shows that these 
models give a bunch length of the order of cm and energy 
spread of the order of 10ିହ in the cooling section which 
are required parameters for the better cooling. Numerical 
calculations along with elegant simulation are presented. 

INTRODUCTION 
Recently, in storage ring, it has been realized that several 

interesting topologies for the multiple beam energies may 
be possible [1]. Here we focus our study on two energy 
storage ring where one ring is at higher energy and another 
ring at lower energy connected by RF cavities as shown in 
Fig. 1. Recent study shows that longitudinal stability exists 
in a two-energy storage ring [2]. We are interested to this 
type of storage ring for electron cooling. Cooling allows 
small transverse beam sizes at the interaction point and en-
hanced luminosity. Electron cooling rate will be affected 
by the bunched electron beam properties such as beam size, 
energy spread etc [3]. Hence, from the cooling require-
ment, we can apply two cavities model to get the longer 
bunch length in the cooling section. This further allows to 
get smaller energy spread in the cooling section as required 
for the better cooling. 

TWO CAVITIES MODEL 
Concept 

The schematic diagram for such a storage ring is shown 
in Fig. 1. We use two groups of RF cavities to accelerate 
(Acc cav1, Acc cav2) and decelerate (Dec cav1, Dec cav2) 
the electron beam in the corresponding accelerating and 
decelerating passes. Two cavities model is in the sense that 
we use two RF cavities to accelerate and another two RF 
cavities to decelerate the beam. This arrangement causes 

the beam to stretch more giving the longer bunch length in 
the cooling section. In this scheme, each cavity adds or sub-
tracts energy by an equal amount in the corresponding ac-
celerating and decelerating passes. 

 
Figure 1: Schematic drawing of a two-energy storage ring 
with two cavities to accelerate and another two cavities to 
decelerate electron beam [4]. 

For simplicity, cooling ring is at 55 MeV and the damp-
ing ring is at 155 MeV, so the gain in energy through each 
cavity during acceleration is 50 MeV, and the total gain 
through two cavities is 100 MeV. Beam passing through 
the decelerating cavities lose the energy by an equal 
amount. We introduce a small phase shift in the accelerat-
ing phase of second accelerating cavity (Acc cav2) so that 
there is no cancelation of total slope in accelerating and de-
celerating passes.  

In energy recovery linac (ERL) mode, one of the accel-
erating and decelerating passes is longitudinally focusing 
while the other is defocusing and the small phase shift in-
troduced to second accelerating cavity provides the stabil-
ity. 

We study the longitudinal stability using two cavities 
model in ERL mode. 

Two Cavities Model: Phasor Diagram 
The RF phasor diagram is shown in Fig. 2. 𝜙௦௔௖௖ሺ1ሻ is 

the RF accelerating phase angle for the first accelerating 
cavity, 𝜙௦௔௖௖ሺ2ሻ is the RF accelerating phase angle for sec-
ond accelerating cavity. Similarly, 𝜙௦ௗ௘௖ሺ1ሻ and 𝜙௦ௗ௘௖ሺ2ሻ 
are the corresponding decelerating phase angles for first 
and second decelerating cavities respectively. If we apply 
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a small phase shift Δ𝜙 for 𝜙௦௔௖௖ሺ2ሻ then the following rela-
tions holds for RF accelerating and decelerating phase an-
gles in ERL mode. 𝜙௦௔௖௖ሺ2ሻ ൌ  െ 𝜙௦௔௖௖ሺ1ሻ ൅ 𝜋 ൅ Δ𝜙  (1) 𝜙௦ௗ௘௖ሺ1ሻ ൌ  𝜙௦௔௖௖ሺ1ሻ ൅ 𝜋 (2)𝜙௦ௗ௘௖ሺ2ሻ ൌ  𝜙௦௔௖௖ ሺ2ሻ ൅ 𝜋  (3) 

The corresponding 𝑀଺ହ values for RF system is given by: 𝑀଺ହ௔௖௖ሺ𝑡𝑜𝑡ሻ ൌ  ୼ாாమ  𝑘 ሺtan 𝜙௦௔௖௖ሺ2ሻ ൅ tan 𝜙௦௔௖௖ሺ1ሻሻ
Using equation (1) and applying the formula tanሺ𝑥 ൅ 𝑦ሻ ൌtan 𝑦 ൅  𝑥 secଶ 𝑦 ൅ ⋯ 𝑀଺ହ௔௖௖ሺ𝑡𝑜𝑡ሻ ൌ ୼ாாమ 𝑘 ୼థୡ୭ୱమሺథೞೌ ೎೎ሺଵሻ ሻ (4)𝑀଺ହௗ௘௖ሺ𝑡𝑜𝑡ሻ ൌ  െ𝑀଺ହ௔௖௖ሺ𝑡𝑜𝑡ሻ. ாమாభ (5)

where k = ଶగఒೝ೑ , 𝜆௥௙ ൌ 0.6298 m (𝑓௥௙ ൌ 476 MHz), Δ𝐸 ൌ 50 

MeV, 𝐸ଵ = 55 MeV and 𝐸ଶ ൌ 155 MeV, respectively. 
From equation (4), it is clear that 𝑀଺ହ௔௖௖ሺ𝑡𝑜𝑡ሻ is inversely 

proportional to some higher energy 𝐸ଶ. It means when 
beam accelerates through each cavity for some higher en-
ergy, the corresponding 𝑀଺ହ௔௖௖ value decreases. This causing 
the bunch length stretching more. 

Figure 2: Phasor diagram for accelerating and decelerating 
cavities in ERL mode in two-energy storage ring.  

CALCULATIONS 
Numerical Calculations 

We have performed numerical calculations to study the 
relationship among the various parameters in our system. 
Our assumed value of equilibrium emittance in these cal-
culations is 1 mm-mrad which is not the real damped emit-
tance value (damped emittance needs to be calculated). 

From Fig. 3, For our assumed equilibrium emittance 
value, the bunch length is inversely proportional to the cor-
responding 𝑀଺ହሺ𝑡𝑜𝑡ሻ value. For 𝜎௦ ൎ 2.5 cm in the cooling 
section, the corresponding 𝑀଺ହሺ𝑡𝑜𝑡ሻ value is ൎ 
0.0000046698 for Δ𝜙 ൌ 0.0001଴. It means, the value of 𝑀଺ହሺ𝑡𝑜𝑡ሻ very close to zero gives the longer bunch length 
in ERL mode using two groups of cavities for acceleration 
and deceleration respectively. In other words, you have 
ma/ny choices for RF accelerating phase angles 𝜙௦௔௖௖ሺ1ሻ 
and phase shift Δ𝜙 given to the second accelerating cavity 
to get the different size of bunch in the cooling section. 

From Fig. 4, for our assumed value of equilibrium emit-
tance, 𝜎௦ is inversely proportional to 𝜎ఋ. These values of 
bunch length and the corresponding energy spread in the 
cooling section may be suitable for cooling purpose. 

Periodic Solution 
For different accelerating phase angles, we calculate one 

turn transfer map starting from the point A in cooling sec-
tion as shown in Fig. 1 and calculate the longitudinal twiss 
parameters values 𝛼௦, 𝛽௦ and 𝛾௦ at that point. Using these 
values, we create the uniform beam distribution at that 
point and run elegant simulations to test the periodic solu-
tion. 

From Fig. 5, it shows that the periodic solution exists, 
and the system is longitudinally stable. 

Figure 3: 𝜎௦versus 𝑀଺ହሺ𝑡𝑜𝑡ሻ plot for Δ𝜙 ൌ 0.0001଴. 

Figure 4: 𝜎௦ versus 𝜎ఋ plot for Δ𝜙 ൌ 0.0001଴. 

Figure 5: ୼௣௣  versus Δ𝑧 plot showing that the periodic solu-
tion exists in ERL mode using two cavities model. Here, 𝜙௦௔௖௖ሺ1ሻ ൌ 60଴, Δ𝜙 ൌ 0.0001଴. 
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Chirping and De-chirping 
The beam phase-space in the cooling section is not per-

fect upright but tilted one. So, we introduce de-chirping af-
ter arc1 in cooler ring followed by chirping before arc2 as 
shown in Fig. 1. We apply voltage scanning method to 
determine the voltage required for chirping and de-chirping 
which gives the perfect upright beam distribution in the 
cooling section. 

Figure 6 shows that the periodic solution exists with 
chirping and de-chirping scheme. RF phases for chirping 
and de-chirping cavities are opposite. we do voltage scan-
ning for some other values of accelerating phase angles and 
estimate the required voltage to be applied for chirping and 
de-chirping. 

Figure 6: Periodic solution with chirping and de-chirping 
in two- energy storage ring in ERL mode with 𝜙௦௔௖௖ሺ1ሻ ൌ60଴, Δ𝜙 ൌ 0.0001଴. Numbers from 1 to 8 represent the 
corresponding location as shown in Fig. 1. 

From Table1, longer the bunch length, lesser the RF 
voltage should be applied for chirping and de-chirping. 
Table 1: RF Parameters and Bunch Parameters in Two 
Energy Storage Ring 𝜙௦௔௖௖ሺ1ሻ Δ𝑧(cm) Δ𝑝/𝑝 Voltage(V) 

10° 4.93 2.36 ൈ 10ିହ 1300.0 
20° 4.70 2.47 ൈ 10ିହ 1500.0 
30° 4.34 2.68 ൈ 10ିହ 1700.0 
50° 3.21 3.62 ൈ 10ିହ 4000.0 
60° 2.50 4.65 ൈ 10ିହ 5000.0 

THIRD CAVITY MODEL 
In this scheme, instead of introducing small phase shift

to second accelerating cavity, we use another third cavity
to provide phase shift to the beam passing after
accelerating cavities. In this model, two groups of cavities
work the same way as before except no phase shift in the
second accelerating cavity. This third cavity is operating in
passive mode (neither accelerating nor decelerating). We
apply different RF voltages to the third cavity just after
accelerating cavities. Different bunch length and the
corresponding energy spread values for our assumed beam
emittance value of 1 mm-mrad are shown in the following
table. 

 

Table 2 shows that for our assumed equilibrium
emittance value, the bunch length and the energy spread in 
the cooling section depends on RF voltage applied in the
third cavity. Smaller the RF voltage applied larger the
bunch length and smaller the energy spread value.
Longitudinal dynamics study shows that periodic solution 
exists, and the beam phase space is almost upright in the 
cooling section as shown in the figure below. 
Table 2: Bunch Length and Energy Spread for Different 
Values of Applied Voltage in the Third Cavity 

Voltage(V) 𝑀଺ହଷ௥ௗ ௖௔௩ 𝜎௦(cm) 𝜎ఋ 
1.0 6.4 ൈ 10ି଼ 5.23 1.9 ൈ 10ିହ 
10.0 6.4 ൈ 10ି଻ 2.94 3.4 ൈ 10ିସ 
100.0 6.4 ൈ 10ି଺ 1.65 6.0 ൈ 10ିହ 
1000.0 6.4 ൈ 10ିହ 0.93 1.1 ൈ 10ିସ 
10000.0 6.4 ൈ 10ିସ 0.52 1.9 ൈ 10ିସ 

Figure 7: Phase space distribution showing periodic
solution exists in two energy storage ring using third
cavity. Numbers from 1 to 8 represent the corresponding 
location as shown in Fig. 1. 

From Fig. 7, beam phase space is almost upright in the
cooling section. It means, third cavity model works without
chirping and de-chirping scheme. This may be one of the 
advantages of using the third cavity model. 

CONCLUSION 
Two cavities model along with chirping and de-chirping 

scheme, we get the bunch length of the order of cm and 
energy spread of the order of 10ିହ for our assumed equi-
librium emittance value of 1 mm-mrad. Periodic solution 
exists. It ensures that longitudinal stability exists. 

Another possible solution to the problem is using third 
cavity. A small phase shift is introduced in the third cavity. 
(No phase shift to second accelerating cavity). This model 
also gives the similar bunch parameters in the cooling sec-
tion. Periodic solution exists. Third cavity model looks bet-
ter than two cavities model. It is because second model is 
simpler than the first one. Next, third cavity model may not 
require introducing chirping and de-chirping to make beam 
distribution upright in the cooling section. It also reduces 
the number of cavities in our system. 
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