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Abstract

In a synchrotron the rate of acceleration is limited by the
ramp rate of the bending field. There is no such constraint
in a Fixed Field alternating gradient Accelerator (FFA), al-
lowing a much higher repetition rate and novel modes of
operation such as beam stacking. It is of interest to obtain
a picture of the longitudinal phase space from experimen-
tal data in order to diagnose the response of the beam to
various RF programmes. Longitudinal tomography, already
well established in synchrotrons, involves reconstructing the
phase space using bunch monitor data obtained for a suffi-
cient number of turns in a synchrotron oscillation. Here we
reconstruct the longitudinal phase space using data from the
150 MeV scaling FFA at KURNS, Osaka, Japan.

INTRODUCTION

Bunch monitor data, when measured turn-by-turn, pro-
vides projections of the longitudinal distribution f (ϕ, δ),
where δ is the momentum, onto the phase axis ϕ. Longitudi-
nal tomography uses back projection to reconstruct the phase
space, given data from a sufficient number of turns (apart
from the case of an equilibrium distribution [1], at least half
a synchrotron period is required). A well established tomog-
raphy code developed at CERN for use in synchrotrons [2,3]
employs an algebraic iterative algorithm in conjunction with
tracking to allow for non-rigid synchrotron oscillations. This
code, and others that apply a similar algorithm, have been
widely used [4–7]. However, longitudinal tomography has
not been performed using data from a FFA up to now.

Here we show how the CERN tomography code can be
used in a scaling FFA. In these machines the orbit moves with
momentum to follow the direction of increasing vertical field
but the tunes are held constant by ensuring the normalised
gradient is fixed. To meet this condition, each magnet has
radial profile B = B0(r/r0)

k where B0 is the vertical field
at reference radius r0 and k is the constant field index [8].
In the radial scaling FFA at least one defocusing (reverse
bend) magnet per cell is added for vertical tune stability.
To maintain a bunched beam throughout acceleration, the
scaling FFA utilises phase stability just like a synchrotron.
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TOMOGRAPHY CODE
Algorithm

Starting with a set of profile measurements b(ϕ,m), where
m is the turn number, the reconstruction seeks to find the
phase space distribution x(ϕ, δ) such that A[ϕ, δ,m]x = b.
In order to calculate the operator A, test particles in cells cov-
ering the height and phase extent of the bucket, are tracked
according to the longitudinal equations of motion (the self-
field voltage can be added if desired). In the absence of
space charge, the phase and energy (ϕ,E) of test particle i
at turn m is incremented as follows

∆ϕi,m+1 = ∆ϕi,m − 2πh

(
η0,m∆Ei,m

β2
0,mE0,m

)
(1)

∆Ei,m+1 = ∆Ei,m + q[Vrf,m+1(ϕ0,m+1 + ∆ϕi,m+1) (2)
− Vrf,m+1(ϕ0,m+1)]

where h, η, β,Vrf refer to harmonic number, phase slip, the
relativistic quantity and the RF voltage. The zero subscript
refers to the synchronous particle. For each turn, the distri-
bution of test particles is projected into bins along the phase
axis by summing each column of cells. The operator A is
calculated so allowing the back projection of each profile
bin for each turn, resulting in a first pass calculation of the
distribution (see [4] for more details). A discrepancy pa-
rameter d is then calculated which quantifies the difference
between the forward projected distribution and the turn-by-
turn measurements:

d =

√√√
1
M

M∑
j

(ej − rj)2 (3)

where ej and rj are the measured and reconstructed contents
of the j-th bin and M is the total number of bins involved in
the reconstruction. The code then repeats the backward and
forward projection steps until the discrepancy converges [2].

FFA Case
In this paper the CERN tomography code is used for the

FFA case. The code assumes a fixed radius r when calculat-
ing the revolution frequency ω0,m via

ω0,m =
β0,mc

r
. (4)

Time is then converted to phase as required by the equations
of motion (Eqns. 1 and 2) . Here a fixed r is assumed by
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taking the average RF frequency for the time period when
the data was taken

r =
hβ0,mc
⟨ωrf⟩

. (5)

This is an approximation as the radius in a FFA increases
with momentum. However, assuming a fixed r when the
number of turns used in the analysis is limited to a syn-
chrotron period is acceptable in a typical scaling FFA.

In order for the phase slip to be calculated, the momentum
compaction factor αp should be supplied. Since the radius
varies with r ∝ p

1
k+1 it follows

αp =
dr/r
dp/p

=
1

k + 1
. (6)

The design field index is assumed in this analysis — in future
a value obtained from measurements [9] may be used.

Figure 1: Schematic of the KURNS 150 MeV FFA ring.
Blue arrows show where radial probe ports are located. The
RF cavity is in cell 8 and there are bunch monitors in cells 7,
11 and 12 (pink). The closed orbit at injection is also shown.

THE EXPERIMENT
KURNS 150 MeV FFA

The tomography code was tested using data taken on the
150 MeV proton ring at KURNS, Osaka [10]. 11 MeV H−

ions from a linac are stripped by a foil. The resulting protons
are accelerated in the 12 cell, regular scaling DFD lattice
by a single broadband magnetic alloy (MA) cavity typically
operating at 4 kV. The radius at injection is about 4.5 m and
the nominal field index 7.6. The bunch is detected at several
bunch monitors distributed around the ring — for this study
we use the monitor 4 cells downstream of the RF cavity as
depicted in Fig. 1.

The broadband cavity and the fixed field of the FFA allows
great flexibility in setting the RF programme. This is done
by specifying the RF waveform for the entire cycle using
an Arbitrary Waveform Generator (AWG). The turn-by-turn
energy gain is dictated by the rate of change of RF frequency.

Figure 2: Example of the RF frequency pattern applied in
the experiment (black line). The nominal 20 degree syn-
chronous phase is reduced to zero in the interval 1.5 ms to
2 ms (red line). The dashed blue lines correspond to the time
interval shown in Fig. 4.

.

Determining the RF Phase
The delay between the RF waveform and the bunch moni-

tor signal must be established in order to know the absolute
phase. The delay is made up of the intervening time of flight
and any difference in cable length connecting the gap volt-
age monitor and bunch monitor to the scope in the control
room. Here we make use of the left/right symmetry of the
stationary bucket to search for the synchronous phase in the
bunch monitor data.

In an experiment to establish the delay, the bunch is first
accelerated for about 1.5 ms to ensure the beam moves radi-
ally away from the foil, at which point ϕs is reduced to zero
over a period of 0.5 ms (Fig. 2). The bunch circulates in the
stationary bucket thereafter . The (−π, π) phase limits are
set by the zero crossing times of the RF waveform. For each
turn, the symmetry point is found by finding the phase ϕ1
which minimises ∆ defined by

∆ =

����� φ1∑
φ1−π

f (ϕ) −
φ1+π∑
φ1

f (ϕ)

����� . (7)

The symmetry point, expected to oscillate about the syn-
chronous phase, is calculated to be around 122 degrees. This
is close to the expected delay given that the bunch arrives
at the monitor 4 cells (one third of the ring circumference)
after the cavity.

RESULTS
In order to reconstruct the phase space, a number of turns

of bunch monitor data corresponding to the small amplitude
synchrotron period (∼ 200 turns) is included. This is to
ensure that the data covers at least half an oscillation, even at
large amplitude. An example reconstruction, carried out for
the first turn, in the stationary bucket case is shown in Fig. 3.
We observe a high frequency component (at 47 MHz) and
are investigating its source. With this in mind, the agreement
between the data and the reconstruction is reasonable.
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Figure 3: Top: Phase space reconstructed when the beam is
in a stationary bucket. Bottom: a comparison of its projec-
tion (red) onto the phase axis with the data (black).

Figure 4: Bunch monitor data in the case where (top) a 40
degree phase jump in the rf waveform is applied at turn 207
and (bottom) no phase shift is applied. The time interval
is shown in Fig. 2. The black line shows the turn-by-turn
symmetry point in the data.

In a further test of the tomography reconstruction, an in-
stantaneous phase jump was applied during the flat-top phase.
This was repeated for a range of phase jumps in the positive
and negative directions. In the example shown in Fig. 4,
the applied jump is 40 degrees. The symmetry point of the
bunch monitor data, immediately after the jump, shows an
initial shift in agreement with this. Thereafter the symmetry
point follows a damped oscillation around the synchronous
phase — the damping is an expected effect of decoherence.
This is borne out by comparing the tomography reconstruc-

Figure 5: Phase space reconstruction and profile comparison
immediately after a 40 degree phase jump is applied.

Figure 6: Phase space reconstruction and profile comparison
about 1000 turns after a 40 degree phase jump is applied.

tions immediately after the phase jump (Fig. 5) and around
three synchrotron oscillations later (Fig. 6) . In the first case,
the distribution is seen to be shifted to the right by about the
expected amount, whereas in the latter case filamentation
resulting from decoherence is clearly in evidence.

DISCUSSION
It has been shown that the existing synchrotron tomogra-

phy code can reconstruct the longitudinal phase space in a
scaling FFA. Some improvements are required so that ap-
proximations are avoided to allow more general cases to
be treated. For example, the turn-by-turn revolution fre-
quency should be correctly specified by taking into account
the varying machine radius. To accommodate the flexible
RF programme, parameters such as Vrf and ϕs should also
be free to vary turn-by-turn. In addition, higher harmonics
in the RF waveform produced by the broadband RF cavi-
ties should be included in the tracking (the existing code
is limited to dual-harmonic RF). A more general code that
includes these features is currently under development.
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