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Abstract
Transverse deflecting structures (TDS) are widely used in

accelerator physics to measure the longitudinal density of
particle bunches. When used in combination with a disper-
sive section, the whole longitudinal phase space density can
be imaged. At the Linac Coherent Light Source (LCLS), the
installation of such a device downstream of the undulators
enables the reconstruction of the X-ray temporal intensity
profile by comparing longitudinal phase space distributions
with lasing on and lasing off [1]. However, the resolution of
this TDS is limited to around 1 fs rms (root mean square),
and therefore, in most cases, it is not possible to resolve
single self-amplified spontaneous emission (SASE) spikes
within one photon pulse.

By combining the intensity spectrum from a high resolu-
tion photon spectrometer [2] and the temporal structure from
the TDS, the overall resolution is enhanced, thus allowing
the observation of temporal, single SASE spikes. The com-
bined data from the spectrometer and the TDS is analyzed
using an iterative algorithm to obtain the actual intensity
profile.

In this paper, we present the reconstruction algorithm as
well as analyzed data obtained from simulations which shows
the reliability of this method. Real data will be published at
a later stage.

INTRODUCTION
The longitudinal phase space distribution of electron

bunches can be mapped to transverse coordinates by streak-
ing them using a transverse deflecting radio frequency (RF)
structure (TDS) in one direction and combining that streak
with a dipole magnet which serves as an energy spectrometer
in the other direction. The beam can then be imaged using a
screen station and the longitudinal phase space distribution
can be reconstructed [3]. When the TDS is installed down-
stream of the undulators at a Free-Electron Laser (FEL) the
X-ray temporal profile can be obtained by comparing images
where the FEL process is suppressed to images where it
is enabled [1, 4]. However, such a measurement is limited
primarily by the resolution of the TDS, which is given by

Rt =

√
εu · pc√

βu(s0) · sin(∆Ψu) · eV0ωRF · cos (ΦRF)
, (1)
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with the geometric emittance εu in the deflecting plane u,
the momentum of the electrons p, the speed of light c, the
beta function at the TDS βu(s0), the phase advance between
the TDS and the screen ∆Ψu , the elementary charge e, the
deflecting voltage V0, the frequency of the RF ωRF, and the
RF phase ΦRF. For a typical TDS used at an FEL, such as
the Linac Coherent Light Source (LCLS), the resolution is
limited to the order of 1 fs rms (root mean square). This
leads to blurring of the intensity profile. Therefore, in most
cases this measurement technique fails to resolve the spiky
nature of the self-amplified spontaneous emission (SASE)
process of an FEL. In addition to the temporal measurement
using a TDS, the spectral domain of the emitted radiation
can be measured using a spectrometer. Since the spectral
and time domain are conjugated domains of the Fourier
transform, we combine both to enhance the resolution of the
actual intensity profile. For this, we introduce an iterative
algorithm which is presented in this paper.

ITERATIVE RECONSTRUCTION
ALGORITHM

To test the reconstruction algorithm, simulated data of
the SASE process is analyzed. Both the spectral and the
temporal profile are taken at the end of the linear regime prior
to saturation. At saturation slippage significantly lengthens
the photon pulse beyond the length of the lasing domain of
the bunch.

We assume the temporal intensity profile I(t) is blurred
by the finite resolution of the TDS through a convolution
with a Gaussian G(t) of fixed width Rt

(I ∗ G) (t) = Ĩ(t). (2)

This blurred intensity profile Ĩ(t) and the spectral intensity
profile I(ω), which we assume to have unlimited resolu-
tion for now, are the starting point for the reconstruction
algorithm.

Gaussian Base Functions
First, we model the electric field as a sum of base functions

in time. For now, we use the sum of Gaussians of fixed width
σi centered at times ti , with varying complex coefficients ai

F(t) =
n∑
i

aiBi(t) =
n∑
i

ai

(
1
√
πσi

) 1
2

e
−(t−ti )

2

2σi
2 eiωi t, (3)
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the ωi can be initially calculated based on the energy profile
of the electron phase space. Otherwise, they are initialized
as zero. The σi are chosen to be smaller than the expected
width of the single SASE spikes. The ti are chosen such that
the system is not badly conditioned, yet single SASE spikes
can be modeled. After a Fourier transform, we obtain the
field in the frequency domain

F (ω) =

n∑
i

aiBi(ω) =
n∑
i

ai

(
σi
√
π

) 1
2

e−iti (ω−ωi )e
−σ2

i
(ω−ωi )

2

2 .

(4)
The complex coefficients ai are initialized randomly. Ev-

ery a1+2n coefficient has its amplitude reduced by 8, ev-
ery a1+5n reduced by 16, resulting in starting temporal and
spectral intensity profiles consisting of a few wider spikes
instead of frequent narrower spikes, thereby resembling
the nature of SASE more. To match the integral of the
blurred intensity profile, the coefficients are normalized so
that

∫
Ĩ(t)dt =

∫
|F(t)|2 dt. These normalized coefficients

are then used to create the initial guess F0(t) and F0(ω).

Iteration Process and Minimizing

For the iteration process, we use the alternate projection
method described in [5]. Since in general

��F̃n(t)
��2 , Ĩ(t),

at each iteration n, the previously calculated field Fn(t) is
projected on the blurred intensity profile Ĩ(t). This is done
by introducing the projected field

Un(t) = Fn(t) ·

√√
Ĩ(t)��F̃n(t)

��2 (5)

which keeps the complex phases of Fn(t) and satisfies��Ũn(t)
��2 = Ĩ(t). Additionally, we calculate the projected

spectrum

Vn(ω) = Fn(ω) ·

√
I(ω)

|Fn(ω)|
2 . (6)

Since Un(t) and Vn(ω) can in general not be written in the
form of Eqs. (3) and (4), we try to find a new field Fn+1(t)
and its transform Fn+1(ω), that minimize the distance from
the projections

d = ‖Fn+1 −Un‖
2
L2 + ‖Fn+1 − Vn‖

2
L2

=

∑ ai,n+1Bi −Un

2

L2
+

∑ ai,n+1Bi − Vn

2

L2
.

(7)

Using the L2 scalar product [6]

〈a, b〉 =
∫ ∞

−∞

a(x)b∗(x)dx, 〈a, a〉 = ‖a‖2
L2 (8)

we can rewrite Eq. (7)

d =
∑
i

∑
j

ai,n+1a∗j,n+1
〈
Bi, Bj

〉
+ ‖Un‖

2
L2

−
∑
i

ai,n+1
〈
Bi,Un

〉
−

∑
j

a∗j,n+1
〈
Un, Bj

〉
+

∑
k

∑
l

ak,n+1a∗l,n+1
〈
Bk,Bl

〉
+ ‖Vn‖

2
L2

−
∑
k

ak,n+1
〈
Bk,Vn

〉
−

∑
l

a∗l,n+1
〈
Vn,Bl

〉
.

(9)

d is minimized by finding ai,n+1, so that the derivative of
d with respect to all ai,n+1 is equal to zero. After some
simplifications and the application of the scalar product in
Eq. (8), we obtain∫

Un(t)B∗k(t)dt+
∫

Vn(ω)B
∗
k(ω)dω =

n∑
i

ai,n+1 (Tik + Fik) ,

(10)
where Ti j =

〈
Bi, Bj

〉
and Fi j =

〈
Bi,Bj

〉
. For the Gaussian

base functions in Eqs. (3) and (4) this yields

Ti j =

√
2σiσj

σ2
i + σ

2
j

· e
−
(ti−t j )

2−2i(ωi−ω j )(tiσ
2
j
+t jσ

2
i
)+σ2

i
σ2
j
(ωi−ω j )

2

2(σ2
i
+σ2

j
)

(11)
and Fi j = Ti j due to the properties of the Fourier transform.

In each iteration step new coefficients ai,n+1 are calculated
according to Eq. (10). Using those coefficients, the temporal
and the spectral field are calculated according to Eqs. (3)
and (4) and are fed back into the iteration algorithm.

RESULTS
The iterative reconstruction algorithm is tested using sim-

ulations of the SASE process in the LCLS undulators at
1.5 nm, which are conducted using the leap-frog algorithm
developed by Z. Huang [7]. To start, we simulate FEL pulses
of bunches of 20 pC, 40 pC, and 150 pC charge, resulting
in photon pulses of different length. These simulations are
done using only one single random SASE seed per charge,
resulting in only one intensity profile per charge. Further
testing on the code is done using the intensity profiles of 50
different SASE shots right before saturation (using differ-
ent initial seeds due to the statistical nature of SASE) for a
charge of 40 pC. The temporal and spectral profile are taken
at the end of the linear regime. The Gaussian blurrings used
are in the range of 1.2 fs to 0.5 fs. For each shot 50 recon-
structions using different initial base functions are carried
out. To obtain the final reconstruction, these 50 reconstruc-
tions are then averaged. Figures 1 to 3 show the results for
the different bunch charges: the blue solid line is the ac-
tual intensity profile from the simulation I(t), the red solid
line is the blurred intensity profile Ĩ(t) using a resolution of
Rt = 1 fs in these cases. The dashed lines are the results of
the 50 reconstructions using different initial base functions.
The black solid line is the mean of the 50 reconstructions
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surrounded by a light gray shaded area that is one standard
deviation.

To determine how well the algorithm reconstructs the
actual intensity profile the 1 − R2 value known from statis-
tics [8, 9] is used

1 − R2 =

∑n
i=1 (yi − ŷi)

2∑n
i=1 (yi − ȳ)2

. (12)

The sum
∑n

i=1 (yi − ȳ)2, where the yi are the observed data
with their mean value ȳ, is called the total sum of squares and
can be described as the total variation of the actual yi values
about their mean ȳ [9]. The sum

∑n
i=1 (yi − ŷi)

2, where
the ŷi are the predicted data, is called the residual sum of
squares, since it is the residual or unexplained variation of the
yi values about the predicted values ŷi [9]. A 1−R2 value of
zero means a perfect agreement. In our case y is the actual
intensity profile I(t) and ŷ is the obtained reconstructed
intensity profile F(t).

As can be seen at the top of Figs. 1 to 3, the algorithm is
able to retrieve the actual intensity profile of the single shots
with 1 − R2 = 0.04 for the 20 pC simulation, 1 − R2 = 0.17
for the 40 pC simulation, and 1 − R2 = 0.11 for the 150 pC
simulation, respectively. The main features of the photon
pulse intensity profile can be reconstructed. Smaller adjacent
spikes are more difficult to reconstruct, as they are washed
out too strongly by the resolution of the TDS.

Figure 1: Reconstruction for 20 pC, Rt = 1 fs.

Figure 2: Reconstruction for 40 pC, Rt = 1 fs.

Figure 4 shows again the photon pulse from the simulated
bunch with 40 pC. In this case, the Gaussian blurring used
is 0.5 fs. As can be seen, even for such a high resolution,
the blurred profile still looks very different from the actual
profile, but the reconstruction is now able to resolve even
the smaller side peaks.

The 1 − R2 value for the 50 different shots using different
initial seeds and the different resolutions Rt can be found
in Fig. 5. For a TDS resolution of 0.5 fs the 1 − R2 values

Figure 3: Reconstruction for 150 pC, Rt = 1 fs.

Figure 4: Reconstruction for 40 pC, Rt = 0.5 fs.

of all reconstructions are in the order of 0.1. If we assume
a TDS resolution of 0.75 fs, the most 1 − R2 values are in
the region of 0.1 to 0.2, and there are a couple of shots with
1 − R2 in the order of 0.3. For resolutions of 1 fs and 1.2 fs
most of the shots can still be reconstructed with a 1 − R2

value between 0.1 and 0.3. A small number of shots for a
resolution of 1.2 fs are reconstructed with a 1 − R2 value in
the region of 0.3 to 0.4. As can be also seen in Fig. 5 the
1− R2 value for the same resolution varies from shot to shot
for the 50 different seeds. This indicates that the 1−R2 value
does not depend on the charge, but rather on the complexity
of the intensity profile. Small, frequent, adjacent spikes are
harder to reconstruct than a few separated spikes.

0 5 10 15 20 25 30 35 40 45 50

# Shot

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

1
-R

2

1.2 fs

1.0 fs

0.75 fs

0.5 fs

Figure 5: Results of the reconstruction of 50 different SASE
shots for different TDS resolutions. The 1 − R2 value is
plotted against the shot number.

SUMMARY
In this paper, we introduced an iterative reconstruction

algorithm and showed that it is able to reconstruct the tempo-
ral intensity profile of a SASE pulse by combining blurred
temporal and spectral intensity profiles. The accuracy of the
reconstruction depends on the TDS resolution. For example,
to reconstruct all SASE spikes for the 40 pC case a TDS
resolution of Rt = 0.5 fs is needed. Experimental data will
be published in due course.
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