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Abstract

We have investigated the RF transverse focussing effect in
a five-cell CEBAF-type superconducting accelerating cav-
ity on the electron beam produced by the photoemission
gun of the Jefferson Lab free-electron laser. We compared
different analytical models with numerical simulations us-
ing thePARMELA “particle pushing” code that incorporates
a MAFIA model of the CEBAF-type cavities. Some pre-
liminary measurement performed in the Jefferson Lab free-
electron laser are also presented.

1 INTRODUCTION

With the need of increasing the brightness of electron
beams to drive sources such as free-electron lasers or syn-
chrotron sources, achieving a very short bunch length is of
primary concern. For such purposes one commonly uses
magnetic compression by means of wigglers or chicanes.
Also it is common, especially in beam formation processes,
to provide bunching using the accelerating sections. For
such purposes, the bunches are injected in the accelerat-
ing section with a significant offset phase with respect to
the maximum accelerating electric field. One generally
changes the slope of the longitudinal phase space and pro-
vides compression at the expense of energy spread. A po-
tential inconvenience from this technique arises from the
radial electric fieldEr [1] which is generated by the ac-
celerating fieldEz to fulfill the Maxwell-Ampère relation
divE = 0. Because of this radial field, one can conceive
that it might affect the transverse beam dynamics. In this
paper, we compare analytical models with results from nu-
merical simulations for the case of a high-gradient CEBAF-
type 5-cells superconducting cavity. It is found that the cav-
ity couplers have considerable effects on the transverse dy-
namics that cannot be associated for any analytical model
based on cylindrically symmetric cavities. In a last section
we present preliminary measurements being performed at
the Jefferson Lab FEL injector [2].

2 ANALYTICAL MODELS

2.1 The RF transverse equation of motion

The accelerating RF field in a cylindrically symmetric
RF structureEz induces a radial field which is given by
Er(r, z) = − r2

d
dzEz. From the equation of motiondpdt =

eEr, noting that dpdt = mc
d
dt (γr

′) = mc2(γ′r′ + γr′′)
(where we have definedr′

.
= dr/dz and assumed the

electrons are relativistic i.e.β ' 1) and thateEr =
−mc2 r(z)2 γ

′′, one can derive a transverse equation of mo-

tion in an RF structure:

r′′(z) +
γ′(z)

γ(z)
r′(z) +

γ′′(z)

2γ(z)
r(z) = 0 (1)

whereγ′(z) is the normalized energy gradientγ′(z) =
eEz(z)
mc2

cos(∆φ), ∆φ is the phase of injection with respect
to the maximum energy gain phase, andmc2 is the rest
mass of an electron. The previous second order equation
can be numerically integrated, and the solution associated
with the initial conditions (x = 1, x′ = 0) and (x = 0,
x′ = 1) will respectively give (m12,m22) and (m11,m21),
the elements of the RF structure transverse transfer matrix.
An approximate analytic solution of Eq.(1) has been de-
rived by Chambers [3].

2.2 Rosenzweig-Serafini & Chambers Models

The Rosenzweig-Serafini generalized model directly gives
the transfer matrix of an RF structure of arbitrary mode
including harmonic content of the RF field [4]. If one as-
sumes the CEBAF-type cavity to be a pureπ-mode cavity,
this model simplifies to the Chambers model, and the trans-
fer matrix reduces to (see Eq.(13), p 1601 of Ref. [4] with
η(φ) = 1):



m11 = cos(α) −
√
2 cos(∆φ) sin(α)

m12 =
√
8γi
γ′
cos(∆φ) sin(α)

m21 = −
γ′

γi

(
cos(∆φ)√

2
+ 1√

8 cos(∆φ)

)
sin(α)

m22 =
γi
γf

(
cos(α) +

√
2 cos(∆φ) sinα

)
(2)

whereγi,f are the initial and final reduced Lorentz factors,
the angleα is defined asα = 1√

8 cos(∆φ)
ln(γf/γi) and

∆φ denotes the phase of the injection of the particle with
respect to the on-crest phase.γ′ is the averaged (over the
RF structure) energy gradient:γ′ = eVRF

mc2
cos(∆φ).

2.3 Krafft Model

This model [5], which has been derived under the approx-
imation of relativistic beam (β ' 1), gives the transverse
transfer matrix of an RF structure to be:


m11 = 1−
cos(∆φ)

∫
+∞

−∞
Ez(z) cos(ωz/c)dz

2γimc2

m12 = L/γi

m21 = −
(
cos2(∆φ)

∫ +∞
−∞ E

2
z (z) cos

2(ωz/c)dz

+sin2(∆φ)
∫ +∞
−∞ E

2
z (z) sin

2(ωz/c)dz
)
1
4γi

m22 = 1 +
cos(∆φ)

∫ +∞
−∞

Ez(z) cos(ωz/c)dz

2γimc2

(3)

whereγi is the reduced energy of the particle at injection.
TheEz(z) quantity represents the energy gradient at the
locationz inside the cavity.
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2.4 Comparison

We present in Figure 1 the matrix elements computed with
the three different models described in the previous section
for the case of CEBAF-type cavity. The injection energy
was choosen to be 5 MeV and the cavity gradient was set
to 11 MV/m; both of these parameters are close to the ex-
perimental conditions of the measurement reported later in
this paper. The Chambers model gives the same results as
the numerical integration of the equation of motion (the re-
sults are indistinguishable on the figure except for them21).
The Krafft model approximately gives comparable results
except for them12. This is believed to be due to an approx-
imation made in the model that was generally applied for
higher energy beams.
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Figure 1: Transfer matrix elements, determinant, and trace
for the different models: numerical integration of the equa-
tion of motion (solid line), Chambers-Rosenzweig-Serafini
model (dashed line) and Krafft model (dotted line).

3 NUMERICAL SIMULATION

The numerical simulations are performed with the “parti-
cle pushing” codePARMELA. The electrons are tracked by
integrating the equation of motion using the RF field map
as external field. In order to perform the numerical simula-
tion we generated a gaussian distribution with various first-
order moments (〈x〉 and〈x′〉 set to 0 or 1) and computed
the beam first moments after a CEBAF-type cavity. To es-
timate what is the effect of the higher-order-mode (HOM)
and input couplers, we use two different cavity models: a
MAFIA model [7] that incorporates the couplers and aSU-
PERFISHmodel that assumes the cavities to be cylindrically
symmetric. The computed matrix elements, determinant
and trace are gathered in Figure 2. The numerical model
based on theMAFIA field map predicts the focal length (de-
fined as−1/m21) to be more sensitive with respect to the
injection phase than the cylindrically symmetricSUPER-
FISH model. In particular, the 3DMAFIA model gives a
much smaller focal length than the cylindrical model for
large off-crest phase. On the other hand theSUPERFISH

model is in better agreement with the analytical models
presented in Figure 1.
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Figure 2: Transfer matrix elements, determinant, and trace
computed with thePARMELA code. The solid lines are re-
sults using the 3D map field generated byMAFIA while the
dotted lines have been obtained using a cynlindrically sym-
metricSUPERFISHmodel.

4 EXPERIMENTAL RESULTS

4.1 Experimental Method

The experimental setup to measure the transfer matrix ele-
ment of a CEBAF-type cavity utilizes a 350 keV electron
beam produced out of a photoemisson gun at the Jeffer-
son Lab IRFEL. The emitted beam is imaged by means of
two solenoidal lenses at the entrance of a CEBAF-cryounit
which contains two superconducting radiofrequency (SRF)
accelerating cavities. The first cavity is nominally operated
with maximum acceleration (i.e.∆φ = 0 deg) whereas
the second cavity is operating off-crest (∆φ = −19.7 deg)
to provide the necessary longitudinal-phase-space slope for
matching the momentum compaction of a downstream chi-
cane. The beam energy after the first cavity is approxi-
mately 5.3 MeV. The purpose of the experiment is to mea-
sure the transfer matrix of the second cavity for different
phases∆φ. After the second cavity, the beamline contains
a quadrupole and a multislit mask used to determine the
beam parameters [8].

4.2 Results

We have recently completed a first test to see whether we
were able to measure the beam parameters over a large RF
phase span. As shown in Figure 3, we were able to scan in
phase from -200 to -50 deg (the on-crest phase of the cav-
ity being -120 deg), with the quadrupole turned off. In the
future experiment we intend to use the quadrupole to read-
just the beam envelope at each point, to be able to mea-
sure the beam parameters over the whole 360 deg of RF
phase. At present the only limitation appears to be that the
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OTR power might be too low for phases close to∆φ '-
180 deg. At the moment we are unable to measure the
beam parameters at the entrance of the cavity, and we know
that comparison of the measurement presented in Figure 3
with PARMELA predictions are difficults because the injec-
tor is not yet fully optimized. Nevertheless, the prelimi-
nary data shown in Figure 3 qualitatively support the RF
focussing: theα-Twiss parameter is varying very rapidly
versus the injection phase, while the betatron function is
slightly increasing with positive off-crest phase, meaning
that the focal length is decreasing which is in accordance
with simulations. The emittance is approximately constant
over a wide range which is in agreement with the constancy
of the matrix determinant for phase values within±90 of
the on-crest phase.

0.0

1.0

2.0

3.0

4.0

5.0

6.0

(m
)

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

-200 -180 -160 -140 -120 -100 -80 -60 -40

Cavity phase (RF deg)

0.0
0.05

0.1
0.15
0.2

0.25
0.3

0.35
0.4

0.45
0.5

(m
m

-m
ra

d)

Figure 3: Experimental measurement of the beam parame-
ters at CEBAF cavity exit for different injection phase. The
on-crest phase is -120 deg.

5 CONCLUSION

Analytical models based on cylindrical symmetry do not
necessarily give results in agreement with more precise
calculation including coupler effects. Numerically, these
coupler effects lead to non trivial changes in the beam
dynamics. A preliminary measurement performed in the
Jefferson Lab IRFEL injector demonstrates the major
effect of RF focussing on the beam dynamics and the
possibility of performing a detailed parametric experiment
varying the phase over the whole 360 deg. Such an
experiment is planned for next autumn in the Jefferson Lab
FEL once we have finished optimizing and understanding

the beam dynamics in this machine.

The authors have greatly benefited from thePARMELA

version developed by H. Liu and from theMAFIA model
elaborated by Z. Li [9]. We are indebted to B. C. Yunn for
providing aURMEL field map. This work was performed
under the auspices of the US-DOE contract #DE-AC05-
84ER40150, the Office of Naval Research, the Common-
wealth of Virginia, and the Laser Processing Consortium.
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