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Abstract
A trend in proton beam therapy systems is downsizing

their footprints. A larger main magnetic field for the down-
sizing, however, requires a septum magnet to generate a
larger magnetic field for beam extraction. In order to re-
lax the specification of the septum magnet, we consider an
azimuthally varying field (AVF) weak-focusing accelerator.
The magnetic fields of its hills and valleys can be designed
while maintaining the average magnetic fields over the de-
sign orbits. Thus, by locating the septum magnet near one
of the valleys, the specification is relaxed while keeping the
footprint of the accelerator. In this study, we show an optical
design of an AVF weak-focusing accelerator with cotangen-
tial orbits. The magnetic field in the valleys is smaller than
the average magnetic field over the maximum energy orbit
by 0.2 T. We evaluate gradient magnetic fields required for
beam extraction and find the possibility of variable energy
extraction by the static gradient fields.

INTRODUCTION
A trend in proton beam therapy (PBT) systems is downsiz-

ing their footprints. We have proposed a compact accelerator
for PBT with cotangential orbits [1, 2]. Figure 1 shows a
schematic of the accelerator. Its concept is to achieve both
compactness and variable energy extraction. For compact-
ness, a superconducting magnet which generates a weak-
focusing magnetic field of approximately 4-5 T and an RF
cavity which can modulate its frequency are applied. For
variable energy extraction, the orbits are not concentric but
cotangential like the classical microtron, and an RF kicker
and gradient fields (generated by a peeler and a regenerator)
are combined. Due to the characteristic orbit configuration,
there is small turn separation region on one side, where
the RF kicker is installed. Each orbit between 70 MeV and
235 MeV passes through the RF kicker. By turning on the
RF kicker, the beam trajectory is moved toward the outside of
the circulating region. The beam moved by the RF kicker is
eventually affected by the gradient magnetic fields generated
by the peeler and the regenerator. The gradient magnetic
fields bring about 2/2 resonance, and the beam arrives at
the entrance of the extraction channel. Along the extraction
channel, septum magnetic fields are applied to extract the
beam from the accelerator.

A larger main magnetic field requires septum magnets
to generate larger magnetic fields for extraction. Since the
proposed accelerator is designed to extract low energy (ap-
proximately of 70 MeV) beams, it requires the septum mag-
nets to generate even larger magnetic fields compared with
cyclotrons and synchrocyclotrons. Among the septum mag-
nets, the first septum magnet, which is located at the entrance
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of the extraction channel, is under the severest conditions.
Hence, we considered a new idea to relax the specification
of the first septum magnet.

Figure 1: Schematic of compact accelerator.

AVF WEAK-FOCUSING ACCELERATOR
We denote the fringe magnetic field at the entrance of

the extraction channel by Bf , and the first septum magnetic
field by −δB. Then the curvature radius of the beam at the
entrance is given by

ρ (K) =

√
K (K + 2E0)

cq
(
Bf − δB

) , (1)

where c denotes the speed of light, and q, E0, and K de-
note charge, rest energy, and kinetic energy of the beam,
respectively. We denote the maximum kinetic energy and
the average main magnetic field over the maximum kinetic
energy orbit by KM and BM , respectively. In order to extract
the beam with its energy of K, ρ (K) has to be larger than
ρM , where ρM is given by

ρM =

√
KM (KM + 2E0)

cqBM
. (2)

If Bf is reduced, δB is also reduced while ρ (K) main-
tained. The easiest approach to reduce Bf is to reduce BM .
However, if BM is reduced, not only Bf is reduced, but also
ρM is increased, indicating a larger footprint of the accel-
erator and larger ρ (K) for extraction. Hence for relaxing
the specification of the first septum magnet, Bf should be
reduced without reducing BM . To satisfy this condition, we
consider an azimuthally varying field (AVF) weak-focusing
accelerator. By locating the extraction channel near one of
the valleys, Bf at the extraction channel is reduced while
BM maintained.

The AVF field is normally applied to cyclotrons to satisfy
both isochronism and stable betatron motion. Since isochro-
nism requires a magnetic field to increase with radius, the
average magnetic fields of usual AVF cyclotrons increase
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with radius. In contrast to the usual AVF cyclotrons, the
proposed accelerator does not require isochronism, since
the frequency of the RF cavity is modulated. The average
magnetic field should decrease with radius in accordance
with the weak-focusing principle.

OPTICAL DESIGN
Method

A special tool is required to design the optics of the AVF
weak-focusing accelerator with cotangential orbits. We de-
veloped a design tool based on the transfer matrix method
for an isochronous accelerator with cotangential orbits [3].
We have applied this tool to design the optics of the AVF
weak-focusing accelerator. Since it does not require isochro-
nism, we give the average magnetic field B̄ as the function
of the beam velocity β by

B̄ (β) =


−b1

(
β

βM

)p1

+ Bmax 0 ≤ β ≤ βm

b2

[
1 −

(
β

βM

)p2 ]
+ Bmin βm ≤ β ≤ βM

, (3)

where p1, p2, Bmax, Bmin, and βm are adjustable parameters,
and βM is determined by KM . The other parameters b1
and b2 are determined by the condition that B̄ and its first
derivative with respect to β are continuous at β = βm. We
note that Bmax and Bmin are maximum and minimum of B̄,
respectively. Hence the magnetic field at the hills is larger
than Bmax, and the magnetic field at the valleys is smaller
than Bmin.

Design Orbits and Tunes
In the following, we show an example of the optical de-

sign, where KM and BM are fixed at 235 MeV and 4.5 T,
respectively.

Figure 2 shows the design orbits and the magnetic fields.
The magnetic field at the hills is 5.04 T, while the magnetic
field at the valleys is 4.28 T, which is smaller than BM by ap-
proximately 0.2 T. This difference is expected to contribute
to reducing the first septum magnet field.

Figure 3 shows the horizontal and the vertical tunes, which
are denoted by νh and νv , respectively. The solid curves in-
dicate design tunes by the tool, while the plotted symbols
are obtained by the beam tracking simulation code GPT [4].
The design tunes and the tracking simulation results agree
within the accuracy of 10%. Since the tool models the mag-
netic fields by the hard edge model, it is not applicable to the
low energy region. Hence the tunes are evaluated above the
energy of 10 MeV. In order to utilize 2/2 resonance by the
peeler and regenerator for extraction, the horizontal tunes
are designed to be more than 0.95 in all energy regions. The
vertical tunes are designed to avoid the second resonance
line νv = 0.5.

Figure 4 shows the tune diagram, where the resonance
lines up to the fourth order are drawn. The Walkinshaw
resonance (νh = 2νv) is avoided.

Figure 2: Design orbits and magnetic fields.

Figure 3: Betatron frequencies (tunes).

Figure 4: Tune diagram.

Gradient Magnetic Fields for Extraction
As is shown in Fig. 1, the peeler and the regenerator are

located outside the circulating region. In order to estimate
required strengths of those fields, however, the peeler and the
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Figure 5: Imaginary parts of tunes. Upper left and upper right are horizontal and vertical tunes at 67.8 MeV, respectively.
Lower left and lower right are horizontal and vertical tunes at 236.3 MeV, respectively.

regenerator are assumed to be in the valley shown in Fig. 2
for simplicity, and the imaginary parts of the tunes are eval-
uated by the transfer matrix method. Figure 5 shows color
maps of the imaginary parts, where gp and gr denote the
strengths of the peeler and the regenerator, respectively. The
betatron motion becomes unstable when the corresponding
tune has a nonzero imaginary part. For extraction, Im (νh)
has to be larger than zero, while Im (νv) has to remain zero.
For example, the point of

(
gp,gr

)
= (−10,30), which is in-

dicated by the black circle symbol in Fig. 5, satisfies that
condition for both 67.8 MeV and 236.3 MeV. This result
indicates the possibility of static gradient magnetic fields for
variable energy extraction.

CONCLUSION
We considered the AVF weak-focusing accelerator with

cotangential orbits for proton beam therapy to achieve both
compactness and variable energy extraction. By locating
the first septum magnet outside the valley, its specification
was relaxed. The possibility of variable energy extraction by

the static gradient magnetic fields was indicated. We noted
that the idea of the AVF weak-focusing accelerator would
be applicable to axisymmetric synchrocyclotrons.
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